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PREFACE. 



Thb present work may be legaided as a new edition 
of the Treatise on Optics by tlie Eev. W. N. Griffin, which 
being some time ago out of print, was very kindly and 
liberally placed at my disposal by the Author. I have freely 
naed the lihetty accorded to me, and have rearranged the 
matter with considerable alterations and additions — especially 
in those parts which required more copious explanation and 
iUoBtration to render the work suitable for the present course 
of reading in the University. The numerous diagrams which 
the subject requires have been inserted in the body of the 
work, instead of being collected in plates at the end, and are 
thus rendered more eonvenient for reference. 



I have appended a collection of examples and problems — 
distributed under the heads of the several chapters, as well as 
a miscellaneous set, — which are sufficiently numerous and 
varied in character to afford a useful exercise for the student : 
for the greater part of them I have had recourse to the 



iv PREFACE. 

Examination Papers set in the University and the several 
Colleges during the last twenty years. 

Subjoined to the copious Table of Contents I have ventured 
to indicate an elementary course of reading, not unsuitable for 
the requirements of the present examination of the First Three 
Days in the Senate-House. 

S. PAEKINSON. 



St John's College, 
October, 1859. 
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OPTICS. 



LAWS OF PROPAGATION OP LIGHT; — DIEECT REFLESION 
AND EEFKACTION. 

1. When a material object is preaented before us, we 
become by viaion sensible of its existence and figure. In auch 
a caae light is said to be propagated from the object to our 
eyes, and the science of Optics has for its design the examina- 
tion of the circumstances of such propagation. 

The science is divided into Geometrical and I^ysical 
Optics. In Geometrical Optics the circumstances of the 
transmission of light are computed on certain laws established 
by experiment; in Physical Optics these laws are accounted 
for on hypotheses of the structure of bodies, and of the matter 
filling tie space in wiuch they are placed. In a similar 
manner, in geometrical or plane astronomy the phenomena 
of heavenly bodies are calculated on obaerved laws which their 
apparent motions are found to obey; in physical astronomy 
l£ese apparent laws are sh^wn to result ftom the hypothesis 
of gravitation. 

The former branch of the science is the subject of the 
present treatise, wherein from certain laws established by 
experiment under simple circumstances the course of light 
under more complex circumstances is computed, and the re- 
snlts applied to the construction of optical instruments. These 
investigations will be conducted in independence of the phy- 
sical branch of the subject, — the experimental laws on which 
we commence being equally true, whatever be the nature 
of the hypothesis which professes to account for them. 

2. Def. A body is said to be self-luminous when it ia 
capable in itself of making our eyes sensible of its existence. 

p. o. •- 1 
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S LAWS OF PROPAGATION OF LIGHT. ^^^ 

Thus the sun, the stars, a lamp, re4-hot iron, &c., are 
Belf-luminous, but by far the greater number of natural bodia 
possess no such property. Such bodies are luminous only by 
reflexion and require the presence of another luminoua body 
to render them visible. Thus when a lamp is brought into a 
dark room, the other bodies in the room become visible, and 
become more or less capable of illuminating others; but this 
property ceases and they become invisible when the lamp is 
'extinguished or withdrawn. 

Obs. When a luminous point or an origin of ligbt is 
mentioned, we may understand it to be a minute portion of i 
luminous surface, in no directitn perceptibly extended: and so 
by a luminous line we may understand such a surface per- 
ceptibly extended in one direction only We shall regard 1 
them simply aa a mathematical point and a mathematical line l-fl 
respectiTely. \ 

3. Def. Anyspace or substance which light can traverse 1 
is called a medium. Such as a vacuum, glass, water, &c. I 

Def. When light emanates from a luminous point. I 
^ard it as mad^ up of rays, understanding by a ray tlic | 
amallest portion of light which can be separately transmitted, 
atopped, or reflected ; and we shall ti-eat such rays as mathe- 
— ■ — ,1 lines. 



In a uniform medium, it will be assumed that the course 
of a ray of light is a straight line ; this law is shewn by 
experiment to be true in general. There are certain cases of 
apparent exception, such as are presented by the phenomena 
of diflraetion, the explanation of which belongs to physical 
optics. 

5. Def. An assemblage of rays proceeding from a 
luminous point, is o. pencil of light. 

The jhrm of a pencil, unless an exception be expressly 
mentioned, will be regarded as a right cone having the origin 
of light for the vertex, and when this origin is infinitely 
distant, this cone becomes a circular cylinder aa its limiting 
form. The geometrical axis of the cone or cylinder is cidled 
tiie axis of the pencil. 



tAWS OP PEOPAOATION OK LIOHT. 3 

If tbe rays of a pencil of light produced in a direction 
opposite to that of propagation meet in a point, the pencil is 
divergent; if the origin be infinitely distant, its limitmg fonn 
is a pencil of parallel rays ; if the rays produced in direction 
of propagation meet in a point, the pencil ia convergent. 

The degree of divergence or convergence may he meaBured 
by the vertical angle of the cone Tphich the pencil forma. 

6. Def. When a pencil meets the surface of any sub- 
stance or medium, the incidence is called direct, if the axis of 
the pencil coincides with the normal to the surface at the point 

!of incidence : in other cases the incidence is called oblique. 
7. When light is incident on the surface of a medium 
different from that in whicl) it is proceeding, a portion of it is 
scattered or dispersed over the surface and makes the surface 
visible; another portion is in general reflected in the first 
medium (according to a law which will presently be stated)— 
and in certain cases (as when the medmm upon which it ia 
incident is translucent) a third portion enters this new me- ' 
dium according to another law, and is said to be refracted. 

The course of the reflected and refracted rays where both 
it, may be considered separately. 

Law ofrefiexion. 
When a ray is reflected at the surface of a medium, 
(i) The incident and reflected rays lie in one and the same 

plane with the normal to the surface at the point of incidence, 

and on opposite sides of the normal. 

(li) The angles which the incident and reflected rays 

make with the normal to the surface at the point of incidence 

are equal. 

9. Law of Refraction. 

When a ray is refracted at the surface of a medium, 
(i) The incident and refracted rays lie in one and the 
name plane with the normal to the surface at the point of inci- 
dence and on opposite sides of it. 

1—1 
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LAWS OF PBOFAQATION OP LIGHT. 

(ii) The sines of the angles which the incident and re- 
dacted rays make with the normal to the smface at the poinl 
of incidence, have a ratio depending only on the media be- 
tween whicli the refraction takes place, and the nature of the 
Bght. 

10. Thna if a ray QA be incident at A on the surface of 
a medium (reflecting or refracting or 

both) : NAN' the normal to the 

Barface at ^ ; AQ', A Q" the re- q. „ 

fleeted and refracted rays rcapec- "y -y^ 

ti-Tely; then will the lines QA, \p p/ 

gA,Q"A,NAN'3lUKiTioTier,\Ane, _ 
and the z QAN^ z Q'AK Also, if 
we write ^ QAN= / (p, Q"AN' = <f)', 

then will the ratio —. — ^, be con- 
stant at whatever angle of incidence 

a ray of the same kind of light is refracted from one given 
medium into another. 

This constant quantity -: — -^ is usually denoted by the 

eymhol /*, and is called the refractive index between the two 
media for the particular species of light considered. It is a 
paratneler which varies, (i) if the nature of the light be 
altered, (ii) if the relation between the two media be altered. 
The relation between <j> and i^' is commonly written 
ain = /* ain tf>. 

It will in gtneral be supposed in these pages that the 
lefractiou takes place into a denser medium, in which case fi is 
greater than unity, and the angle of refraction less than the 
angle of incidence {i. e. ^' < <^]. 

11. Remarh, 

The process by which these and physical laws in general 
are established experimentally is this. Direct experiments 
render the law probable ; such experiments however axe seldom 
made with such minute accuracy as to prove the law exactly 
*rue ; — next on supposition of the truth of the law in question, 



DIBBCT SEPLBXION AHD REJaACtlON. ft 

I the circumBtanccs of more complex phenomena are computed, 
and when the reaults of these computations are found m re- 
peated instances of various kinds to agree minutely with 
obaervationa, we have a very high degree of probability of the 
strict truth of the law. It is important to observe that of 
the truth of the laws of physical science we have only a moral 
certainty, — a certainty arising only from the improbability 
that an untrue principle should happen to explain succeasfuUy 
a great variety of phenomena. The first law of motion in 
Dynamics, for example, we think probably trne from experi- 
ments made on bodies on the Earth ; it is proved by the 
agreement of the motion of the heavenly bodies calcidated on 
BU]iposition of its truth, with the motions which they are 
observed to have. On such foundations all the laws of natural 
philosophy rest. 

12. Various illustrations of the law of reflexion have 
lieen given, more or less accurate ; jwrhapa one of the highest 
oonfirmationa of it is derived from the accordance of Transit 
observationa of Stars made by reflexion at the surface of 
naercmy with results obtained independently of reflexion. Of 
the law of refraction we shall speak hereafter when we come 
to explain the mode of determining the refractive indices of 
different substances. 

The law of reflexion seems to have been known ,in very 
early times as we find it laid down in the earliest writers on 
Optics; the law of refraction was first accurately ascertained 
by Snell, about A. D. 1621, though it was first published by 
Descartes. 

13. Direct Reflexion and Refraction. 

Def. Let Q be the origin of 
a pencil of rays whose axis QA 
is incident directly (Art. 6) 
at j1 on a plane or spherical 
reflecting or refracting surface. 

Then QA is the axis of the 
reflected or refracted pencil. 
Let QR be any ray incident at 
R whose direction after re- 



BEFLESION AND REFRACTION 

flexion or refraction (produced if necessary) cuts the axis m _ 
since the normal at B lies in the plane QAB. Then ae S' 
taken nearer and nearer to A, the point g will approach 
point j^in the axis, as its limiting position ; and by taking 
BufSciently near to A the distance Fq may be made less thi 
any assignable magnitude. This limiting position (F) of the 
point g is called the Geometrical Focus of the reflected or re- 
fracted pencil. 

The point .fwill in some cases be nearer the suriace than 
J ia ; in others more remote. 

Def. The principal focus of a spherical reflecting or 
fracting surface is the geometrical focus of a pencil of paraltf 
rays incident dii-ectly upon the surface parallel to a fixB 
diameter, called the oaw'a of the suiface. 

i)e/l The,/ocaZ length of a spherical reflecting or refract<( 
ing surface is the distance between the surface and the priq 
cipal focus, — measured along the axis. 

The distance Fq^ is called the aberration of the ray R 
If Ft be drawn perpendicular to the axis QA to meet Bg in' 
it ia sometimes convenient to distinguish Fq as the I 
tudinal aberration and Ft aa the lateral aberration. 



14. A pencil of parallel rays 
afier refi&cion at a plane surface. 

Let QB, Q'B' be any two rays 
of a pencil of parallel rays incident 
on a plane reflecting surface at the 
points R, R'. Let B8 be the di- 
rection of the ray QB after re- 
flexion. Draw BN, R'N' perpen- 
dicular to the sui'face at the points 
R, R', and (i) if the planes QRN,^ 
QEN' are coincident, draw R'S' 
in this plane parallel to RS; 

EN 



'ill consist of parallel r 





R'& 



parallel to J _ „ ; 



N-B'S'=^NR8 = 



I QBN= L q'rn; 



AT A PLANE SURFACE. 

and therefore R'8' is the direction of Q'H' after reflexion ; 
"but (ii) if the planes QRX, Q'M'N' do not coincide, let ^S" 
be the intersection of the plane SItR' with the plai 



Now 



QR) 



fQ-n-, 



e parallel to ] &»r> ! 



jj^^l are parallel to |^,_^.; 
, the plane QRSis parallel to the plane Q'R'S\ (Eu( 
.... St. linens St. line R'S', {Euc 

Also hecause n.rf 
RN} 

.: / QRN= L QEN', (Euc. xi. 10). 

Sunilarly, i. SRN = i SEN'. 

But I QRN= ^ SEN, {Art. 8), 

.-. i Q'R'N' = / 8-EN\ 

saiR'S" lies in the plane Q'R'N'; therefore it is the direction 

of the ray Q'R' after reflexion ; and it has been proved to be 



parallel to RS. But QR, Q'R' are by supposition 
rays of the incident p " ' " 
sists of parallel rays. 



*y two 

rays of the incident pencil ; therefore the reflected pencQ cou- 



1^ 



15. A pencil of parallel rays 

refraction at aphine surface. 
Jjet QR, Q'R' be any two rays 
a pencil of parallel rays incident 
on a plane refracting stirface at the 
points R, E. Let 8R be the direc- 
tion of the r^ QE after refraction. 
Draw RN, R'N' perpendicular to 
the surface at the points R, E, and 
let S'R' be the intersection of the 
[)lane 8RE with the plane Q'EN' 
(if these planes be not coincident). 



consists of parallel raya 




t 



Now 



RN\ 



are parailel to ■( p< »7' J 



.'. the plane QR8 is parallel to the plane Q'ES'; 
'. the straight line SR is parallel to the straight line S'E. 




Also because „ \t\ ^^ parallel to J „, »., 



I 



Similarly, 




I 



.-. em ^Q-It'N' = Bin QKN 

=fi.iinS-Jt:N: 

And S'lr liea in the okne Q'RN', therefore SS' ia tlie 
direction of the iw QB' after refraction, and it lias been 
proved parallel to SB. 

If the planes SRR', Q'R'N' be coincident, and 8'R ba 
drawn in this plane parallel to SB, it may readily be shewn 
that 8'R' is the direction of Q'R' after retraction. 

Now QR, Q'R' are any_ two rays of the incident pencil, 
therefore the refracted pencil consists of parallel rays. 

Remark. In the above figure the dotted liuea SR, SB 
are the directions of the refracted rays produced backward: 
it may not be amiss to suggest to the student that he will 
often avoid confusion in optical diagrams if he indicates by 
dotted lines any part of the directions of rays which are not 
actually traversed by the rays. 

16. A pencil ia incident directly upon a plane reflecting 
surface, to find its form ajier reflexion. 

Let § be an origin of light from 
which a pencil whose axis is QA is 
incident directly at ^ on a plane re- 
flecting surface, QR any ray of the 
pencil incident at R, and reflected 
in direction ^iS in a plane passing 
through QR, and RN the normal to 
the surface at R. Since by the law 
of reflexion SR, QA lie in one plane, 
let them be produced to meet in g. 
Tben since BM, qQ are parallel 
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AT Jl VLiVE BTTBFACE. 



iRQA = iQRN 



-^Sii» (Art. 8) 



MqA\ 



zBjA- 



, iEQA 



each to each, 



herefore the angles „^ ^ are equal to ] p j ^ ■- 

md RA is eominon to the two triangles ; 
.-. Aq^AQ. 

Now QR 13 any ray of the incident pencil ; therefore the 
iirections of all the rays of the reflected pencil (produced 
aackward) pass through the point q. 

Hence the form of the reflected pencil is that of a cone 
whose axis is AQ, and Tertex the point y— equidistant with Q 
irom the reflecting surface, and on the opposite side of it. 

Cor. 1. Since the angles RqA, RQA are equal, the 
iivergence of the incident and reflected pencils is the same. 

Cor. 2. If the incident pencil be convergent, a similar 
investigation will shew, tliat it will converge after reflexion 
to a point equidistant from the surface with tJie point of con- 
vergence of the incident pencil, and on the opposite aide of 
it, — the degree of convergence heing unaltered. 

Cor. 3, The direction of the ray QR after reflexion cuts 
the axis in q, and the same is true in the limit when B moves 
up to j'l ; therefore q is the geometrical focus of the reflected 
pencil. 

17. The succeeding cases of direct reflexion and refrac- 
tion have greater difficulty than the last investigation because 
in none of them ivill the pencil after reflexion or refraction 
paaa accurately through a point. Our attention will at pre- 
BBiit be confined to plane and spherical surfaces. 

A pencil whose origin is Q and axis QA incident directly 
on a plane or spherical reflecting or 
refracting surface may be regarded 
33 composed of a series of conical 
surfaces or shells of rays, as QRr, i 
^th a common vertex Q and com- 
mon axis QA. The rays of this 
BWiical surface will all he reflected 
icted similarly with respect 



Wefracted t 




» 



' COITJIIQATE FOCI. 

to QA, and therefore their dircctiods after reflexion or refrac- 
tion will form another conical surface with vertex q and 
axis Aq. Thus the reflected or refracted pencil will consist 
of a series of conical surfaces with a common axis, but dif- 
ferent vertices. Tlie limiting position of the vertex j is the 
geometrical focua of the pencil. (Art. 13.) 

18. The determination of the form of a direct pencil after 
reflexion or refraction will consist of two parts ; 

(i) The determination of the geometrical focua. 

(ii) The determination of the vertex q of any one of tlie 
cones of rays above described. 

We will confine ourselves in the present chapter to the 
first of these parts — reserving the second for a subsequent 
chapter. 

Oba. As it ia obviousi that a ray of light would traverse 
the same path liackward if its course were reversed in any 
medium, it will be easily seen that Q (fig. Art. 13) would be 
the geamefrical focus of a pencil of rays emanating from F the 
geometrical focas of Q. In this point of view, the origin ^ 
a pencil and its geometrical focua after reflexion or refractiwi 
are convertible, and we shall, for brevity, sometimes speak of 
them as canjvgate fod. 

s of a pencil afier direct 



I axis QA ia incident 



\ 



19. To find the geometrical foi 
refraction at a plane surface. 

Let Q be the origin of a pencil whi 
directly at -d on a plane refracting 
surface, then QA is the axis of the 
refracted pencil, 

Let QR be any ray incident 
at R and refi.-acted in a direction 
which, when produced backward, 
cuts the axis in g. Let F be the 
geometrical focus, or limiting posi- 
tion of q. 

Let AQ = u, AF= v, lines being considered positive when 
measured from ^ in a direction contrary to that of the inci- 
dent light. 




r 



REFLEXION AT A SPHEIilCAr, SURFACE. 

Now EQA, RqA being equal to tlie angles of incidence 
' teftaction of the ray QR, 

sin RQA=ii.sai RqA ; 

AM AM ' 



.-. Rq = ^,RQ. 
In the limit when M movea up to ^, and ^ to i'', 
AF=ft.AQ, or v=fj,u, 
"vehich formula gives the position of the geometrical focus of 
the refracted pencil. 

Obs. In this proposition the pencil is considered 
ergent, as will be done in other cases, but attention to the 
^braic sign of i* will make the result applicable to a con- 
t pencil. In such a case u is negative and i; = /iw = a 
JpaUve quantity, indicates that the geometrical focus lies in 
[ptegative direction, i.e. behind the surface, at a distance 
am it determined by the numerical value of ;*m. The stu- 
mt will have little difficulty in drawing a suitable diagram 
1 investigating the case independently. 

21. To find Hie geometrical focus of a pencil of rays after 
I direct reflexion at a spherical surface. 

Let Q be the origin of a pencil of light whose axis QA is 
incident directly on a spherical 
reflecting surface of which is 
the centre: then ^Q is the axis 
of the reflected pencil. (Art. 17.) 

Let QR be any ray incident - 
at It, and reflected in direction 
Rq, cutting the axis va q; F the 
trical focus. Join OR. 




Let AQ—u, AO = r, AF= v, lines being considered posi- 
tive when measured from ^i in a direction contrary to that of 
the incident pencil. 

cQRO = ^qRO; .-. |?= |^, (Euc. vi. 3), 



Now / 



or ultimately wlien li moves up to A, and q to f, ^H 

AO. OF^AF.OO. ' S 



I 



AQ. OF^AF.OQ, 
1111 



a formala whicli determines the position of F. 

Cor. 1. If u be indefinitely great, or tlie incident pencil 
consist of parallel rays, the formala becomes 



which assigns the position of the principal focus of the re- 
flector, viz. at a point on its axis equidistant from the cenfw 
and tiie surface. 

K F^ be the principal focus AF^ = F, = ^ . 

Cor. 2. Since - + -=-, we get by reduction 
V u r a ^ 

If i^j be i\iR principal focus this resultant may be written 

qf,.ff^^af;, 

or FF^ : AF^ :: AF^ : QF„ 

a geometrical form of the relation which exists between the 

positions of the conjvgate foci Q, F. 

22. Tlie geometrical result of Ait. 21, Cor. 2, can easily 
be obtained independently ; thus, suppose a raj^ Q'R incident 

Srallel to the axis QA to be reflectecf iu direction Rq (these 
es QR, Rq^ are not drawn in the figure), then in the two 
triangles QifM, Rq'q, we have 

^q'Rq^^ QRQ' = zRQs; 
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K^?'^ is common to the two triangles, wliich are there- 
EdQiu:, and we hare 

qi( : j'fl :: y'ii : ?'§; 

lerefore ultiinatelj when B, moves up to A, and j, q to 

FF^ : AF, :: AF, : QF^. 

Ohs. Since u, v are symmetncally involved in the eqna- 
112, 
I - + - = - , if F were the origin of a pencil, Q would be 

geometrical focus after reflexion at the spherical mirror. 
i points Q and i^'are thus convertible, and for this reason 
sometimes called conjugate fi}cij as was remarked before, 
. 18, Obs. 

23. Tlie case of a divergent pencil and concave mirror by 
ch the propositions of Art. 21 have been investigated, is 
aen because in it all the lines are measured in a positive 
ction. It will be seen that attention to the signs of u and r 
make this case include every other. We suppose in these 
BB light to proceed fi'om right to hfi, and positive lines con- 
lently to be measured from lefi to right; nence 

(i) If the sm^ace be convex, or to the left of A, r is 
itive. 

(ii) If the pencil be convergent or Q to the left of j^, m is 
itive. 

The sign which v has in the result in any case, determines 
rhich side of the point A the geometrical focna of the pen- 
ies, and the magnitude of w gives its distance from A. 
The four cases of the proposition are here subjoined as 
cises for the student to mvestigate independently. 



Divergent pencil, 
fJoncave mirror, 

f M is positive, 
' ' I r is positive. 



:'•} 





SCrLEXIOK AT A 



FUes to the right or &/1 of 
1 acMwding a5 u -. 



(ii} Divergent pencil, 1 
ConveK mirror, | 

f It 19 positive, 

j r is negative. 

/'always Ilea to the left of ^. 

(ill) Convergent pencil, \ 
Concave mirror, ) 

f w ia negative, 

I r is positive. 
^always lies to the right of ^. 

(iv) Convergent pencil, [ 

Convex mirror, J 

f I* ia negative, 

I r 18 negative. 

F liea to the righ t or left of A 

as a is "^ -. 
> 2 

0l>8. All theae results will 
follow &om a discussion of the 




24. It is sometimes convenient to determine the positioi 
of the geometrical focus of a reflected pencil hy its disiana 
from the centre of the reflecting surface, matead of its distance 
" the point of iucidence. 
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25. To trace the relatnt dttuffe afpotitwi tfthi 

foci of a refected pencil. 

Suppose tlie reflectiug ?arface coDCSTe, then the form 
connecting the positions of the conjagate foci is — +-= 
where the lines u, v, r are taken padtiTe to tie r^it. 

It 13 clear from the formula that if « 
crease and vice veraS, Le. Q, F eiwagt now M c 
rections. 

(i) Suppose H = X . i.e. the 
incident raya parallel, then 

v = - anJ F coincides with the 

middle point of A 0, the princi- 
pal focus. 

(ii) As Q moves from an 
indeiinite distance op to 0, F 
also moves up to 0, and Q, F 
would coincide at 0. 

•." if «= r we must also have 



(iii) Ah Q moves from 
to F„ the middle point of A 0, 
F moves off from towards 
OD , and w becomes x when 

« = o , or Q coincides with F^ . 




approi 



(iv) As Q continues to move 
in the same direction, from F^ 
wmes negative a 
from — 00 towai 
^coincide at A. 



to A, V becomes negative and ^f- J— — ^ 

approaches from — oo towards * -^1 Ci 



iMfkLimafi at a sphbbical subfaoe. 
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When u becomes negative and Q moves from A to 
W, « becomes positive again and 
moves from A towards F^, and F 
linddes with F^ when u becomes ^^, 

*". . ~^ 

Similarly the change of relative 
Jsition may be traced wLen the 
iflecting surface is cmiveic. 

26. Obs. In the diagrams of the preceding Art. a small 
aject has been placed in the position of Q, and its geometrical 
lage in the position of jP, as a guide to the student in tracing 
le form of such an image relatively to the object : under- 
anding by geometrical image, the locus of the geometrical 
■ci of pencils diver^ng from consecutive points of the object, 
id reflected at the snriace. 

This geometrical image will rarely coincide with the visible 
uige as seen by an eye in a given position. In a subsequent 
lapter we propose to give a method of determining the 
sible image in ordinary cases. 

27. To find ike geometrical focus of a pencil of rays afier 
^rect reaction at a spherical surface. 

Let Q be tlie origin of a pencil 
flight whose axis QA is incident 
irectly on a spherical refracting 
U&ce of which is the centre : 
ben QA is the axis of the re- 
acted pencil (Art. 17). Let QR 
e any ray incident at R and refracted in a direction which 
its QA in q, F the geometrical focus. Join OR. Let A Q=u, 
'0=r, ,4i^= V, lines being considered positive when measured 
om ^ in a direction contrary to that of the incident pencil. 

_ sin QRO _ sin QRO.^mR Og _ QO^ Rq 
~ s\nqRO ^ sinROQ . sin qRO~ RQ ' Oq' 





BBTBACTIOH AT X 

or /xu {v -r) = {u — t) v; 



a formula which Jetennmes the position of F. 

Cor. 1 . The position of the principal focus ia ohtained hy 
00 , and we get 



Cor. 2. To compare the degree of divergence of the 
pencil ajier and before refraction we must take the limit of 
the ratio / BqA : i R QA when J^ approaches A ; 



nRqA 



If this result ia negative it shews that the incident and re- 
fracted pencils are one divergent and the other 



28. Ois. The remarks in Art. 23 in the corresponding; 
problem of reflexion will, mutatis mutandis, apply in the case 
of refraction of Art. 27 ; and the student is recommended as 
an exercise to draw the diagrams and go through the inveflti- 
gation for each case that can occur,— with the surface concave 
OT convex and the incident pencil divergent 



29. The following mode of expressing the position of the 
geometrical focus with respect to tlie centre of the refracting 
surface is sometimes convenient. 

To find the distance of the geometrical focus of ap&icU 
of rays from the centre afier direct refraction at a apnericd 




SPHEltlCAL SURFACE. 

Let Q be the origin of a pencil 
of light whose axia QA is incident 
directly at ^ on a spherical re- 
fracting surface whose centre is 
O: then QA is tlie axia of the 
refracted pencil. Let QR be any 
ray, incident at S and refracted 
in a direction which cuta AQ in q, F the geometrical focus. 

Let OQ=p, OA = r, OF—q, lines being considered 
positive when measured from in a direction contrary to that 
of the incident pencil. 

Th _ sin QR O _ &m QRO mn ROq _ OQ.Rg 

'^'imqRO ~ RiiiROij' ^ qliO~ RQ . Oq' 



In the limit fi 



OQ.AF 



AQ.OF' 
or, fi.AQ.OF= OQ.AF; 

i.e. t^q{p-r)=p{q-r), 

\r pi r q 



a formnla which determines the position of F with respect 
to 0. 

Obs. The result of this article ia very convenient in the 
Caae of refraction through a sphere (sec Art. 105). 

30. To trace the relative change of position of ike conjugate 
fbd of a refracted pencil. 

Snppoae the refracting surface concave, then the fonnula 
— -ting the positions of the conjugate foci is 
ft 1 _fi — l 
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The remarks of Art. 26 apply also to thia case. 

31. The reflecting or refracting Bnrt'aces Lave been coqt 
sidered spherical in the preceding articles, because sncli are 
the surfaces which generally occur in the conatruction of 
optical instruments. When the surface is any other fig;ure 
of revolution, it is in general sufficient, when the pencd is 
not very large, to consider the surface the same as the aphe- 
Tical surface generated by tlie circle of curvature at the vertex 
of the generating curve. 

The ease of a reflecting paraboloid of revolution is how- 
ever of some interest, inasmuch as its properties are sometiines 
employed in large telescopes, like that of Lord Roase. 



Illustrations and Examples. 

32. A^ himinous point being placed iettee 
^lane mirrors, to find the position of the it 
'efiexions at the mirrors. 



two parallel 
'rmedhy aw>' 




I , Through the luminous point Q let the line AQB he 
oravyn perpendicular to the two minors -^j -B and produced 
indefinitely both ways. 

Then taW^^ ^ ^Q, Q ^411 "be tV^ geometrical focns 

^^^A- .^^^ '^^^ «o retfifT*5- % ana iWeiglng from 
ft mJi be mcident ozj ,r"^'=*e^ ArolP ^ « ^j if we tak« 



I 




I 



PARALLEL UIRR0B9. 

&om B. The rays will then be incident npon A, diverpM 1 
apparently from <?, and be reflected at A, from a point Q^ I 
Buch that AQ^ — A Q^, and so on. 

Again, the rays diverging from Q and incident on tii6 
second mirror B will have a geometrical focns or image in Q, 
where £Q = BQ' ; the rays diverging from this point Q' and 
incident on the first mirror A, will after reflexion at A diverge 
from a point Q" such that AQ" = AQ', and so on. Thus 
there are two sets of images, each infinite in number, aH 
arranged on the line AB and becoming more and more distant 
after each reflexion. (The second set are not put in the 
figure, to avoid confusion.) 

The distances QQ^, QQ,-- may be easily calculated. For 
putting QA = a, QB^ b, AB = a + b = c,we have 





QQ,~BQ + BQ^ = 


Qq, + iBQ, 


-20 + 26 




QQ. = ^ 


e+^o," 


QQ,+ 2AQ. 


. 2t + 2a 




QQ,-: 


= 4c. 






And 


generally, 




= 2nc + 2a. 





I 



Similarly, for the second set of images, we should have 
QQ'=2h, QQ' = 2c, QQ'" = 2e-i-1ih, gQ" = 4c, 

If Q is midway between A and B, a = h, and the two 
seta will form a series which are successively at eqml dis- 
tances (= c) from each other. 

is. The diagram will be sufficient to indicate the man- 
1 which the images are seen by an eye in a given 
position, the small pencil received by the eye passing be- 



tween the reflexions in the same manner as if it diverged from 

the succesaive images. 

A familiar illustration of the above may be noticed in a 
drawing-room where there are two mirrors on opposite walls, 
parallel to each other, — an ioterminahle series of images of the 
objects in the room ia observed. 

33. A luminovs point being placed between two })lane 
mirrors iHfiltJied to one another at a given angle,_ to Jiiui t!ie 
positioti and number of the images formed by successive rejkxioTts 
at the mirrors. 

Let the figure represent a section of the mirrors A, £\ij a. 
plane passing through the luminous 
point Q, and perpendicular to each 
mirror, and therefore perpendicular 
to the line of intersection — which 
is represented by the point 0. 

Describe a circle with centre 
and passing through Q. Draw 
QQ^ perpendicnlar to the first 
mirror A, and meeting the circle in 
Qj. Then Q, Q, are equidistant 
&om the mirror A, and Q^ is the 
geometrical Jocus of rays diverging ^\ 
from Q and reflected at the mirror 
A, i. e. Q, is the image of Q form- 
ed by reflexion at A. Draw Q^ Q^ 
perpendicular to the second mirror B, then in like manner 
Q^ IS the image formed by rays reflected from B, after reflexion 
at A ; the course of the rays between the two reflexions at A, 
B being the same as if they diverged from Q^, Similarly 
drawing Q^Q^ perpendicular to ^ or ^ produced, we obtain a 
third image Q^ formed by rays reflected at A, B, and again at 
A, and so on. Thus we get a set of images formed by rays^fsi 
reflected at A, then at B, again at A, and so on in succession. 

In like manner we should get a second set of images 
formed by ^ays first reflected at B, then at A, again at B, and 
BO on in succession. To avoid confusion we have not marked 
B second set of images in the figure. 
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^§lAoR aziB (/A » j]i':fU^z 
:^^ flt ^ OB a ^a^swak iv 
-jmf mfiMe 'viioM !»irtp a 

xliipcodL Jjoi iitt y^ mv^ _^ ^ 

JM OQ=j^^ OA = * -'=/• •''••*• •^•■'•' •■•'■' 
4m modent peiA'jL. 

xnen 1* = ^": — r--- = r - . - 

or. 0^'A''^, 0/ ^ ;^ .* .r 

1 : : : 
ilk — = - ■ 

glammh which 45&»Tia.vu>jf "i^ -^j'.r^K / / • ../. 

0J». The rwTi>, ',f V..- i^.-, •**. -^ . *.: 
ue of lefractioTi :':..". -.vir. i - ; .-- • 
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30. To /race (/ti^ t^muk-*: '//^f-y -.-^ yy^*- /-- <' " "/ ; 

Suppose the refract!;.;/ r.uf'Jc.'^. v/.^^ • " 

onnectiDg the position^ ol w^-, u^i.^ .//-v, - <''- • 
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36 APLANATIC 



Since AS (=y) ultimately vanishes, it is veri/ atnallM 
pared with the other lines in the 
figure, w, v, r. Hence we may (neg- 
lecting cuijes of small quantities 
and ^erefore putting sin 6 = 9) 

write ^ SgA = ^ , ^ ROA = -^ , 
^ V r 

^RQA = ^, 

and since ^ QRO = t ORq^, 

^ RqA - ^ ROq = . qRO = ^ ORQ 

=^BOA-^BQA; 




k 



-t=y_- 



This equation which ia approximately true when y 
small, hecomes strictly true in the limit when y = 0. 

In a similar manner it may be shewn that the rd^ 
^ _ 1 = /ini (Art. 27), when put in the form ^ - ^ = It (31 j 

expreeaes simply the law of refraction, sin = /* sin ^ 
^ = /i0', when tne angles ^, 0' are taken indefinitely smaL 

36. ^ys diverge from a point S ; to find a surface wh 
will refract them accuratelj/ to another given point H, 

The surface will be one of revolution about the line join 
the two points S, S" of divergence and convergence, as axii 

Let SP, SQ be two conti- 
guouB rays diverging from S and 
refracted at P, Q accurately to 
the point H, in one plane passing 
through S, H, — /J. the refractive 
index from the first medium into 
the second. Draw Pn perpen- ^ 
dicular to SQ, and iV perpendicular to HQ produced. 
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h we may regard Qn aa the ina-emeni of jSi*, and Qr 
terement of HP, in passing from Pto Q; one of the 
) SP, P3 "being increased and the otlier diminished, 
B normal at Pmnat fall between S and H. ^, <^' the 
f incidence and relraction at P, and PQ so small aa to 
jled as coincident with its chord, 

B.8P= Q7i= PQ. ain^, 

B .EP= - Qr = -PQ .em tf,' ; 
i.8P+n.S.EP = PQ (sin <f,-fi Bin f ) = 
i&it when Q moves up to P. 
B] integrating 

SP+fi.HP^ Ca. constant 



'equation is that of a curve which by revolution about 
Wated a surface such as is required; and which ia 
ijr called an aplanatic surface, 

1. If the rays diverging from 8, are to diverge 
jint S after refraction, the curve required would be 

SP-/i.iiPO= (ii). 

S. If the stirface is required which will reflect taya 
; from S, accurately to OTfrom H, we should obtain 
HTUH of the generating curves 8P+HP= 0, and 
= C respectively, by proceeding in a manner similar 

ive. 

( results can of course be obtained independently by 
reatigation. They represent respectively au ellipse 
peibola; and it may be eaaily shewn inversely that 
rging from one focus of an ellipse converge to the 
lla after reflexion at the curve, and that rays divert 
one focus of a hyperbola will after reflexion at the 
erge from the other focus, 

ticular case of either of these, is a paraboloid of re- 
01 which rays incident on the concave side of the 
ltd parallel to the axis will be reflected to the focus, 
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* 

and vice verad. This property of a paraboloid has beer 
ployed in forming specula for reflecting telescopes. 

Cor. 3. If the equation ;SP— fi . HP= G were expre 
in rectangular co-ordinates, it would give an algebraic c 
of the fourth degree. la the particular case of G=o 
surface will be a sphere. * 

The discussion of aplanatic surfaces was originally purg 
by Newton and Descartes, — in fact the class of curves inclu 
in the equation (i) are frequently called Cartesian ovals • 
with the exception of paraboloids referred to in the previ 
corollary, they are now become questions of curiosity. 

See Newton's Prindpia, Bk. l. § 14, Prop. 97. 



CHAPTER n. 

ILLUMINATION OF SURFACES. 

37. When a pencil of light emanates from aluminous 
lint and is propagated in a uniform medium if we suppose 
1 intenaity unaltered by the absorption of any portion of 
ty tbe medium, yet from other causes the illumination at 
ly point of a surface exposed to the light ia different in 
fferent positions and at different distances from the surface. 

38. Def. The illumination at any point of a surface 
cposed to light ia measured by a quantity /: Lc being the 
noont of illumination of an indefinitely small area k of the 
irface contigaoua to the point in question, — some standard 
jgree of illumination being referred to aa a unit. 

Hence, if the same quantity of light fall on two very 
nail areas, — Ik being the same for each, — the illuminationB 
; any point of these areas are inversely as the areas. 

39. Wlien a small plane area is illuminated hy a pencil 
^rays emanating from apoint, the illumination at any point 
'the area 

WiL cosine of angle of incidence 

^V {distance from origin)' 

■liet QAB be a small conical ^ ^ 

encil of light from an origin Q, 
iGB, aCb a circular and oblique 
ection of it through a point G 
n the axis of the pencil. 



If aCb be a small plane area illuminated by the pencil, 

(i) In all sections parallel to aCb, the quantity of light 
^ 1 4e pencil being the same, the illumination at a point is 
inversely as the area of the section (Art. 38) ; i. e. inversely 
B(dist)'from Q. 



"(disty ft 

L 



dO METHOD OF MEABURINO 

(ii) In all sections througb C at different inclinatione to 
tile axis, the quantity of light received being the same as that 
received hy AGB, the illumination varies as the area inverBely. 
But if the pencil he snppoaed so small that A CB may be 
regarded as the ortliogonal projection of aCh, 

_, area A CB 
area aUb = -r-^ , 



.'. illumination in aCT = illmnination in ^C5.C08 ^ ^Co 

QC COB i A Ca, 

and i AGa heing the inclination of the planes AGB, aCi, 
is the angle hetween the perpendiculars to these planes at G, 
or is the angle of incidence of QG, 

Hence, when both the distance and angle of incidence 
vary together, — the illumination at any point of the area 

cosine angle of incidence 
(distance)' 

COE. Tlie illumination at any point of the area 
_ „ cosine z of incidence 
(distance)' ' 

where G depends only on the brightness of the iUuminatinf; ' 
point, and is the illnmlriation at any point of a small area di- 
rectly exposed to the pencil at a diatance unity from the origin. 

40. Remark. The preceding result will apply to a curved . 
surface illuminated by a pencil of light, since we may regard | 
a verij small portion of the curved surface contiguous to K 
given point on it, as coincident appreciably with wie tangent 
plane to the surface at the point considered. 

41. It is found by experiment that luminous surfaces 
appear to be of the same brightness at any point, whatever he 
the inclination of the surface at that point to the axis of the 
pencil by which it is seen. The Sun's disc, fir example, is 
equally bright at all distances from the centre. Tlie apparent 
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.trlnsic brightnesa of a bar of red-hot iron is not sensibly 
tered by inclining it obliquely to the eye. 

Thns if A'B be a small portion of a, luminous flurface 
iewed obliquely by an eye E, the 
mount of light received from it 
'ill be the same as that received 
nam a portion AB viewed ^i- 
ectly: AB being the section, 
lerpendiculax to the axis of the cone, of which E is the 
ertex and A'B the base ; i. e. the intensity of emission of 
ight in direction A'E ; intensity of emission perpendicular to 
he surfece at A' :: area AB : area A'B= sin B : 1, where 9 
B the angle which EA' makes with the luminous surface at A'. 

Hence it follows that tJie copiousness of emission of light 
'rom a luminous surface m proportional to the atne of the angh 
f emanation from the surface. 

42. The following is a mode of calculating the illumina- 
tion at any point of a surface illuminated by a given surface of 
uniform brightness. 

Let ^ be a small plane area illuminated by a surface BO 
of uniform brightness. 

About A as centre describe a sphere, and let a line 
tlirongh A moving round the boundary of BC intersect the 
surface of this sphere in the curve bo. Take also an element 
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T^M iMMtmoiciit oonristB of % ndnigUHr %Qb^ 
>^i«'.^j# f^^fmhif open at both endfl^ of wldA ABGD 





'A 



V. 



^ 



M/^^ 'rii«{ Itmf^r nurface is blackened so aa to abaoib 
hhm% llijlif. Within the box inclined at an^w of 4S^ to. 
M^N MM j4aii«^l two rectangular pieces of looKiiig^gfaMh ' 
A7>, I'iti fttm rtHP and the same redat^Mlar jiry to 
^♦M^f Mijiiallfir frf' thoir reflecting powers, and frrti 
I'f M«*^»'l, at /', in Urn middle of a narrow slit EFGjhati 
)M' If Imm(' mifl on(^-()i^hth of an inch broad, which is QOfa 
^UU N M||i f»|* (tttc^ tirwue or oiled paner. The l ec i an giW 
"IM I'liMtiM hnvi*. a Hlip of blackened cara at jP, to prevent Aa 
Mrjtifrt ii.fliiffiMt (Vt>m the looking-glasses mingling wiA eick 

U'li»>ti wi* winh 1o comitate the illuminating powers of tflO 
' •"»' • •• •»! h|ilH (Iwo flnmcs for instance) — ^Pand Q, thQjmBrt 
!•' |.litM.>| ft( fniflt fi (lir^iancc from each other, and from Aa 
»""»»MMii»H liMwi'iMt Ihom, that the light from eveiy part of 
• '" •' "IfHI I'nll .m Ihc iv.fl(>otor next it; and be reflscted to die 
' •♦ '|".»f,||n,, )i.)v<ion of the ]>aper iSFor FG. The instro- 
'"' "♦ *" H». »♦ fit l>i» moved nearer to one or the other, till the 
I'l ' » •.»! i'lHip* Ai<1«> of the division F appears equally illu- 
'"'"••♦"< 'I'm iii.|,ri» of this it should be viewed through a 
»"♦ ' f.l'tilM'tiifl wHlnn, one end resting upon the upper part 
' '' ''***" |»lio<i»n!«'ior, the other applied quite dose to flie 
\VliMi fhf lii))Hf« Are thtis exactly equalized, it is dear 
•' ' «'•• ImIiiI illnntinniinp: po^^rs of the luminaries are 
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, •'" Hi. r.,|iinivn of tlicir distances fitan themiddkof 
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cvr cagMzmiEiiBL jDEDo: or He n??nff?«*^ ir Jiirn: Bs^^tf ir^srf^ 
fgnBK; of 'hs: fjimnrif Tor x t;^ lii&s xmzr '■g^rTH^s jc J 

&d ODE: IC (' iK TH'Ii ''J ^nOBL il^ l»Gaiik miL nriTiTnr <frnL 

eoTuJ fmie i i joqxll "diir ^nt^t i»nmiiis n: lit* mn^sr ±!F 
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desBxiliBd &i»nEi ^ in ;^ snaiD cntik 

= prcgactian of tht p.£7>r cz'tir j>j 



= y . cp* - -7- . BTTne:^. 2^/^t> Z'tVi. An. <r 
Therefore illtunination at A from tie ?jiere Art, 41^' 
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«. We premise the following theorem for the pntpoB! 
of AeiriiiK that an approximate value of a qnantitj to he 
jcUnnined, may be substituted in the small tenna of the 
e^Oktion. 

Snppose • a 1[!a?'ity whose value is to be found, mJ 
«llich IS given implicitly by g^ equation of the form 

"-»'+/(»).»■ W. 

^bete F involves known quantities only, and is independent 
^L£y, the small quantity by powera of which the approximatifffl 
^^ conducted, — e.m f{v) la a function of v and known qtaa- 

Then by substitution 

fM ^/f+zw ■»"> -fm +fm -/M ■?"+••• 

■'^ by Taylor's Theorem; 

. „=,r+/W-!''+/'{i')./W.y' + - 

.irtiatioii extend only to the Bouaxe of y. 
U the approx'"^ j i ^ 

g therefore that in the term of {A) which invoivea 
It appea\^gj[tute the value of u obtained "by neglecting /, 

and the re9«H^ " 

Ti;-jg^ a p6»ciJ IS i7ici(feii( directly on a plane refrad- 
° r M ^Tid (Ae Moini loAere (Ae direction of a given ray 

afier refracfm ^ 

Let be the origin of apen- 
.. L = nxis 0^ IS incident 
^'^rtt.UonaplaiorefV.cting 
''"XeJthenO^istlieaxisotthe 

S; incident at JJ, and refracted 
"^- direction which cuts the axis 
the position of which i 
ietermined. 

13 being considered positive when 
a contrary to that of the incident 





A SHALL PEHCIL. 

aencil. Also let AB = y, a quantity of wliict the cube and 
ligher powers may te neglected. 

Now RQA, RqA being equal to the t 
uid refraction of tne ray QR, 



sin RQA = ;* . sin RqA ; 
.-. R$ = fi.. 

or V(u" + y') = /t '^{u' 4 y) ; 



r In the coefficient of y*, for v we may substitute /:*«, the 
ftrst approximate value of 11', and the resulting equation will 
be true to the order of y, (Art. ?'"' 






I 



' COR.« Hence it appears by comparing this result with 
that of Art. 19, that the geometrical focus is the approximate 
position of the point j, when powers of y above the ^rst are 
neglected. 

51. Wlien a pencil is directly reflected or refracted at 
a surface, the aberration of any ray is the distance between 
the geometrical focus and the point where the direction of that 
lay after reflexion or refraction cuts the axis (13). 

The aberration of a pencil is the aberration of the extreme 
ray in any section of the pencil through its axis. 
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%er reduetion, dinoe coaBOA 

= cos 2 = 1 — ^ , approximately ; 

■■(^-.v{.-(i-M}-(»-')4-e-?).^)- 

If each side of this be diyided hj uv'r 

\v'~r) Y ~ \r~uj 2it\ " (r "wj V ~ t ~»'j 2^'} ' 

V u r \r uj \v rj \u v J 2 
If we neglect powers of y higher than the first 

-,+ -=-, or v' = i; (Art. 21), 

V u r ^ ' 

liich yalne we may substitute in the coefficient of ^, and the 
^suiting equation will be true as far as ^ ; 

V u r \r uJ r 
''hich gives the position of q. 

CoB.1. 4-i=fi-iy/; 

V V \r uJ r 

\r UJ T 



^ ABBBRATIOH OP 

or patting v' =v in the term involving y", we have 
alerration of ray BQ = v — v = — f 1 . — =- 



Con. 2. If, as in Art. 24, the 
position of any ray is determined 
with reference to the centre of the 
surface, we should get 

-^ + -=2C03^. 

Write Oq = q, tlien 



q f 

and - + - = 2 {Art. ! 
q p 

, ; = -(l-co8m = - 

q q r^ ' 1 




nearly, 
= C, nearly; *.■ & = -; 
.■, aberration of ray qR — q — q —^-^ ■ 

53. When a pencil is inciderU directly on a spheneai 
reacting surface, — to find the point where the direction of a 
given ray after refraction cuts the axis. 

Let Q be the origin of a pencil whose axis QA is incident 
directly at j1 on a spherical lefract- 
ing surface whose centre is ; then 
QA is the axis of the refracted pen- 
cil. Let QM he any ray incident at 
B, and refracted in a direction which 
cnts the axis in q, the position of 
which is to be determined. Join OB. 
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Let AQ = Uj Aq^v\ AO^r^ lines being considered 
ositive when measuzed from ^1 in a direction opposite to 
bat of the incident ]pencil. Also let AB = y — a quantity of 
rhich the cube and higher powers may be neglected. 

™ sin ^^0 sin QRO.&mROq _ OQ.Rg 

®^ ^ BiaqBO^ainltOQ.&mqSO'' SQ.Oq' 

•r fi.BQ.Oq= OQ.Rq. 

Now IiQ'=:BO'+0Q' + 2B0.0QcosB0A 

= f^+ (w — r)* + 2r(w — r) cos^ 

= w' — (w — r) — , nearly ; 

■•■''<"'-'>«{-(i-j)£}-<-')'1'-(h?).4}^ 

t; u r \r V J \r uj \v uj 2 

If the square«of y be neglected, v the approximate value 
of w' is given by the equation 

fl 1_ /A — 1 



V u r ' 



wrhich value of v' may be used in the coefficient of ^ and the 
:esult will be true as far as y". 



w 



LEAST CIKCIA 



^' \r uj \,tt T uj : 



which equation determines the position of q. 

Cor. tt-S.t=J.(l_iy.fl_!i+i\/. 

tlierefore the aberration of the ray jRq'=v' — v 

-1 /I lV/1 c+lNjiV 






'1 _ /i+i\ j^ 



54. OJs. In the praceding Articles, since powers c 
above the second have been neglected, it is immaterial i 
ther we take for i/ the length of the arc AB, or the peri 
diciilar distance of R from the axis of the surface. ^ 

Least Circle of Aberration, 

55. Let A.F be the axis of a pencil of rays reflecte 
refracted directly at a spherical surface ; Hr, hr the extr 
rays in any plane section of the pencil through the 4 




4S 

fhich meet in the point r of the axis ; Ks, ka^ any other two 
aya in the same section meeting in the point s of the axis, 
iiippose hr (produced if necessary) to cut K3 in t and draw 
m perpendicular to AF. 

Now (i) considering rays incident at different points along 
A3, when K coincides cither with A or J7, (wi is = ; there- 
Fore for some position oi Km All, tm is a maximum. 

(ii) If K hare the position for which tm is a maximum, 
a circle with centre m and radius mt, in a plane perpendicular 
to AF, is the smallest apace through which the whole pencil 

Eises. For a circular section of the pencil to the hfi of m is 
ger in consequence of the converging eone Ksk, and a cir- 
culiir section to the right of m la larger in consequence of the 
diverging cone trm. Such a cii'cle is called the Least Circle 
7f Aberration of the directly reflected or re&acted penciL 

Obs. In the preceding figure, the aberration is supposed 
[0 be towards the surface ; the stndent will have little dithculty 
in drawing a corresponding figure for the case when the aber- 
ration Y&fiom the surface. 

In the following calculation of the position and dimensions 
jf this circle, the cube and higher powers of the half-breadth 
)f tlie pencil will be neglected, as has been done in former 



56. To calculate the position and dimensions of the Least 
Circle of Aberration, after direct reflexion or ref-action, at a 
plane or spherical surface. 

Let AK=y', AH=y, j- = rad. of spherical surface AK 
(fig. Art. 55). Draw i^ perpendicular to AF. 
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Now since mt, depending on the aberration, is at least of 
the order y'^, — therefore y'. mt and y , mt may be neglected. 
Also the difference between Ar and As being the difference 
of the aberrations of the two rays Sr, Ks, is of the order j"; 
and therefore when multiplied by ml we may regard Ar aod 
As as equal, since the error introduced by so doing is of » 
Jiigher order than i/". 

Hence we may take 



But (Art. 52, 53) the aberration of any ray in the a 
pencil X y' ; 




Now mt is variable by the change of y', and this valaeof 
TOt will therefore be a maximum when 
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•'• ^^ = 4-2;:^ W' 

rm = j.-FV (ii) ; 

hich two equations define the position and magnitude of the 
^ast circle of aberration. 

In other wordsy the distance of the circle of least aberration 
rem the geometrical focus is three-fourths of the longitudinal 
.berration of the pencil, and its radius is one-fourtn of jPV, 
he lateral aberration of the extreme ray. 



m& 



HEFismoss. 



;beir tiltimate interaectiona may be obtained in tlie same way 
18 a common envelope. Tliis envelope is tlie caustic carve, 
by the revolution of which abont the axis the caustic aurfiice 



Canatics formed by reflexion were formerly called cata- 
zausHcs; those fonned by refraction, dtacaustics. 

59. Since the surfaces with which we have to deal are 
practically limited in extent, it will be convenient to give a 
tew definitions before we proceed to examine the form of 
oblique pencils, and we shall suppose the surfaces to be either 
vlane or spherical, 

Def. Oblique incidence on a reflecting or refracting aphe- 
rical surface ia either e&titrical or excentrical. A pencil is 
incident cenlrically when the axis of the pencil is incident at 
a definite point of the surface, called the centre oftke/acej 
in other cases it ia incident excentrically. 

A distinction must be preserved between the centre of the 
surface and the centre of the face; the former is the centre 
of the sphere of which ttie reflecting or refracting surfiice ia 
a portion; the latter is a point on the surface itaelf, gene- 
rally the point with respect to which the sui-face ia symme- 
trical. 

Def. The diameter of the spherical surface which passes 
through the centre of the face, ia in general called the aans of 
the reflecting or refracting surface. 

The circumstance which renders the calculation of cen- 
trical pencils less complex than those of excentrical pencils 
is, that in the former case the point of incidence is a definite 
point of reference from which lines may be conveniently 
measured, but in the latter it ia not so. 



60. If a divergent pencil he incident 
Ttfiecting surface, it wilt diverge from a point after reflexion. 

Let Q be the origin of a pencil whose axis QA is 
incident directly on a plane reflecting surface AR'. Then 
after reflexion the pencil will diverge from a point q in QA 
P.O. 4 




jnodnoed, at & diartance A^^AQ 
(Art. 16)- If now we sappose 
■the whole pencil to be removed 
-with the exception of the 
obliqtie pencil QSR^ the course 
0{ tias portion of the pencil 
will remain unaltered, or the 
oblique pencil will after reflexion 
aiverge from o. Similarly if an 
oblique pencil conr^r^Vi*; to j be 
reflected at the plane surface, it 
-will after reflexion converge to Q. 
L COH. Since iSQR 




„^„ - ^Bqlf, the degree of divergence of 

reflected pencil is the same as that of the incident pencil. 



61. Other cases of oblique reflexion or refraction m 
jjot so simple as that of the preceding Article ; we shall nmr 
^ew that if the pencil be smaU, it will after reflexion ot 
yefraction converge to or dtv^ge frovt two very small straight 
Jioes, pcrpendicolar to one another and in different planes, so 
4I1** *he direction of every ray passes through each of these 
^fj^ight lines. 

62. To explain the formation offixal lines, when a small 
m ^It^"^ pencil w rejected at a spkeriwl mrfitce, or refractd 
r at '^ -P'""* **'" ^herical mrface. 

I Jjet QO be the axis of a pencil incident directly at C on 

' _ apberical reflecting surface, or on a plane or spherical re- 







)ie for SOOi I'-sSn-.TL :X Z" 3. .-.7 r?. _r . ^n ^. 

(in Ii 5']:irT=: —.-. } j-ii:.- -l:- t-^l:- ~ ^ - ^1" — - 

).XF, is the siiitlr.-?: f-.-i*_'- ■r_j--._r- t-..:. il-. t-.. .- v-r:: 
For & rimiii: 5--.'r:L.M .7 ::i.-. :<u^ '. /•' s^ ". » 



]£r section w lU '^J/.i: -i « -* .-^.Tr-r - .•.T:ir=."ic::..r= j t.. 



^^SbmratM of :Lc liz^^Lj rd::*:s;i. ..: r-::iaLr-*-:i >:%.:.'■ 



C i8/<m the s^^. ' ' 



la the following calc:ilf.r.;:: ;: ric Tt^fm.-c xrji ii^Dsnsa.^c* 

-du8 circle, the cube and LirL-fr v. Trvr? :: tIi Liid-'TPr-ai::^ 

liie pencil will he negltcivi. &s Li* :^>c- i.'Zrj. -jl i^ 



^ 56. To calculate the po^ti.'H omJ. .:V -.rrisi.^'i^ :f zSx Z^'.;<r 
■Hob €f Aberration after direct i^RV-re*.'. .t r^r^'r^.:.-:,". ^, -.:: ■.: 
or spherical surface. 



Jjet AK—y\ AII=y, r = ral. ot' s: horical s:;r:'acc AK 
p. Art, 55). Draw KM iHjrpoiuUciKar to At\ 

/. KM= r sin '4 = y > 

AM= r vers. ^ = r- > nearly. 



or AMEKBLATIQM. 4l 

••••^-i-3i^y ^^' 

rm« J. JPV **-*../ 0//; 

1 two emimdoiis define the pcinftk/n htkI irrfl^c^^^^'^^' '^ ^^" 
nrde of oierro^ibn. 

I rticr wofie29, the distance f/f tJie w(;Jf '/f ^*«^ #f Wr ^^/"" 
die geometrical focns iji ihr^MyP/urihn //f f>;*- \ifn^)^*t^\hw\ 
ition of the pencil^ and ite rikliiM M fftth-l^f^n^i* *^ A> 
lend aberration of the extretr«e m/. 
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pencil diverges not from a point, but from two focal linea 
at q^, y,, theee lines beina; at riglit angles to eacii other and 
not in the same plane. Hence the image of Q seen hj Ea 
more or leas indistinct, and ia seen in the direction of a tangent 
drawn from the eye to the caustic of Q in the plane EQC. 
Since the ctVcfe of least confimon is the nearest approach to 
a point which such a small obiiqne pencil admits of, we may 
perhaps regard the circle of least confusion as the image of ft 
— and when an object of finite size is viewed by reflexion or 
refraction, we may consider the visible image to be the locw 
of the circles of least confnsioD of small oblique pencils 
emanating from consecutive points of the object ; the poBition 
of any one of these being determined as above. These oi '" 
of confusion will overlap each other, and the imaj 
quently will be more or less confused and indistinct. 

We may regard the comparative size of the circles of' 
least confusion in different cases as a measure of the com- 
parative indistinctoess of the visible image. 

It will sometimes happen that from an eye in a given 
position more than one tangent can be drawn to the caustic 
curve in the plane QCE; in such cases there will be more 
than one visible image. 

lo the valuable optical diagrams published by Engel aid 
Schellbach — (Halle :^rs( aerie*, 1850, second serKS, 1856) — the 
locus oi th^ primary focus is taken as the visible image; iiis 
can only be received as an approximate position of the image; 
but nevertheless the student will derive great advantage from 
consulting them. A simplified and less expensive edition of 
the first series has been published by the Eev. W. B. Sophitts, 
late Tutor of St Catharine's College. 




It will be a matter of convenience frequently for us to* 
treat the primary focus as the point from which the visual 
pencil diverges, and regard the visual image as the locus of 
the primary foci of the small oblique pencils received by the 
eye from consecutive points of the object. 
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?tead of tho o::v.>:j.'. >'' . • •..* -^ - 
us, let us now o'v<;-x" < -•■ 
it IIK, by which \\v* o "o v* • • -- • 
7 who3C axis utter \oth'\N* 



►» ■/ •■•i-i- I 



ion of every rt •. f I oc h •(! < » /• rrf'i'»r', ' v:» v i v • w »■ " • 
aHH thronpjh somo. point tA' m •^nvill i iirnln ■»•,« 
ay ap])roxinint<'!y 1>" ri'i^«n|»M| .'i-: m •■.ti:n;\lii lit*,- 

to tlur l}\i\l\(: O^'/t. Tlil"^ lilH- i-^ r-ill. .1 l!i. 
A/n^. ;JT»rl tlir- [>oirtt y^ ^///- I'rinnn'f /■'■■ "■; 

fCtir.n it' ''I*"' ><'1'r'l '»•/ ;i j»!'»'ii |lir. •• ' 



Now S<f> = SQA=-j-= approximately =- ~^, 



= Eq,A = 



At AH COB (f) 



If ^ te the index of refraction from the first medium into 
e second, 

Bin0 = /isin^' (Art, 9), 

I by differentiating this we get the rehition between the 
mall corresponding variations S^, B(f>', viz. 



Bierefore Bubstituting the above values of S<f>, Sift', 
fi cob' tf) coa' <f> __f. 



Again, 






..(i). 



The resnlta {i}, (ii) give respectively the distances of the 
iry and secondary foci from A. 

[ small pencil is obliquely refracted at a Bpherical 
rface; to Jind the distances ofthe Jhei Jrom the point qftnci~ 
e of the aans. 

Let Q be the origin of a 
jencil whose axis QA 
V incident obliquely at A on 
BBpherical refracting surface 
loae centre is 0. Iiet QO 
; the direction of the axis 
after refraction in q,, the 
tdary focus. Let QS be 
__pSy ray in the primary plane whose direction after refraction 
cuts Aq^ in y,, the primary Jbctts. Join A 0, HO, and draw 




Hn perpendicular \x) AQ and Ht peqiendicular to Aq^. 
OH, AQ intersect in K, and OH, A^, in T. 

Let AQ = u, ^2, = T„ -^2, = w„ AO = r, AO^^ 
* + S0|'^sl«B of incidence of {^^, 



HQA = p^ approximately, 



'HQ 

AH cos d 



ultimately ; 



Hq,A = - 



But Btf>=QHO~QAO=^K-HQA-{,K-AOE) 

= AOH-HQA^^-^^^, 
and Bf = q,HO-q,AO^^T-Hq^A-{^T-AOH) 
= AOH-ffq,A = ^^- 



^ AH AH cos f 



And from the relation sin ^ = /t sin 0', we get by diSi 
tiation 

COB tf>.B^ = fi cos </)'. 20'. 
Substituting tlie values of Bij>, S^', found above, we 

fL cos^ 0' cos' _ /* "''^ *^' ~ "0^ /" 



" w*.«. J 



p- i- ' 



OETAQittbammtbLK^iaiiOBr Af^ m T. ' 

L«k AQ^^m^ -<%=«ir -^=»» -40=«r, ^fl^. 






Xhrn 



.fit 






But S^ = CffO-<?4O = ^jr-.H;0!4-(z.ff 

r « 

and S0'=j^ffO-Jr4O = ^r-%^-(i: 

^^ r t?j 

And ixom the relation sin^ = |*8m^', 
tiution 

C08 ^ . S^ = I* cos ^'. 8^ 

SabstLtating the yalues of S^, S^', fi) 
,a cos6^ , /I cosc 



J 



or 



^ cos* ^' COB*^ _ |AC0B^'- 



V. 



•(Hf.. 






•'/ • I", ■ . . / 
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85. To delerm,ine the geometrical focus of a pencil aJUr 
direct refraction through a plate. 

Let Q be the origin of a pencil whose axis QAB 
directly throagh a refracting plate. 
Let F,, F\}e, the geometrical foci of 
the pencil after refraction at the 
first and aecond surfaces respec- 
tively. 

Let-4Q = w, BF=v, AB=t. 

From the first refraction (Art. 19) 
AF^ = fiu. 

Now F^ being regarded as an origin, a pencil diverging 
from F^ after refraction at the second svu-iuce, has F for ik 
geometrical focus. Hence if the course of the pencil be sap- 
posed reversed, a pencil converging to F would after refraction 
into the pkte have F^ for its geometrical focus ; (Art. 79) ' 

.: BF^={i.BF, or AF, + t = /j.v; 




.: t = fiv — ti.u, or 
which determines the position of F. 



Note. Since: BF-BQ = 



. t, it follows that an ob- 



ject appears nearer when viewed through a plate denser tbsc 
the surrounding medinm. 

86. When a small pencil is refracted obliquely throngha 
portion of medium hounded by two given surfaces, there is an 
apparent difficulty at the second refraction in consequence of 
neither the incident nor the refracted pencil having then a jxntit 
of divergence or convergence. 

In the primary plane, however, the pencil on account of iti 
amallness may after each refraction be regarded as couver^M I 
fo or diverging from a point, and we may thus apply — wi^ 
erence to this plane— propositions which suppose the whole 
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M 



IP 1^ Smdiaa of QB after 
jam CyPr FT. 



T=^±FBT=1QB0^T0F, 
OT^OT; 
.-. SEC IT=arc TF. 




^4 






HoBce it will readily ap|K'.;ir 

t Ae reflected rajs all tftiU'.U 

qm^cloid traced out by iU*-, '» 

ilPofthe circle ii/^y, jiH thi^. r;;'!' »»::..- ..»,/,,. //'/ /,..j 

Bnicydoid is the cauMiif; /^ur/' t*f.*t.»*A t» i.^. ., i/. j. 

\F,mt geometrical focuH of r;jy/. t* ?:/>• v/J »,: /', ^..j i .,..{. 

|B mizror at Q. 

I 73. .Bay« diverging frf/rn a p'/itti. //// ftf,itiifl ui ,. fihui' 
wrfitot^ the caustic la the t^r/AuU of a */,/,h u*.*i.hHi 






f ^ Suppose the rcfrar> 
hn to take place from a 
■naer into a rarer rncdiurfj. 
M Q£ be any ray di vcr;^!!];^ 
bom Q and incident at H^ 
■I the plane surface J^raw 
^CB perpendicular to tli«^ 
infuse, and make Cli = Q(L 
describe a circle about <^/i//, 
ind let LR }je the diny.-ti'^ij 
if the refractfjd ray. 

Join ^2/, />//'; t.v: ;/.;;.* ^/. 
Since Zii hh^^f^a / QLJj, t^" ..; 



// .- 



//: 



4c// 



/5 






OQ (iL ' 

QB ^OQ^^u (//J( 
BL^ QL^ QL ail. QOL 
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And QLR= (3B5=^G-B=<^.tlteaDgleofmcidenceof ^5,1 

QOL = (^' = -: of refraction of QR \ I 



QB 



BL+QL sin <j>' 



-ft, (where fi < 1). 



Hence BL + QL = — = a constant (juantily, and the 

locuB ofX is an ellipse of which Q, B are the foci, — andi5.. 
a normal at L to the locus of L, since it bisects the angle be- 
tween the focal distances ; that is, the caustic curve is the 
evolate of the ellipse whose foci are Q, B and axis majut 



(ii) If the refraction takes 

Slace from a rarer into a 
enser medium, let LR be the 
direction of the refracted ray, 

Sroduce LR to meet CQ pro- 
nced ill 0, — then it may be 
shewn that LO bisects the ex- 
terior angle QLB, and 






BO 




■RL-QL QL 



BL-QL _ BQ 
QL QO' 

QO _ sin OLQ _ srnj 



= /i, {^ > 1). 



Hence the locus of Z is a hyperbola, and OL is the d;- 
rection of the normal at L ; that is, the caustic curve is th' 
evolute of a hyperbola whose loci are Q^ B, and axis majar 



OB 



JLLU8TBATI0NS. 



t lUustratton. 

ma, if § "be a radiant point, the rays from whick ate 
«d at a plane surface ST into a rarer medium, the 
ent rays will be tangents to a virtual caustic SF, FT, 
is a portion of the evolute of an ellipae, one cuflp of 




1 ia at ^ the geometrical focus of Q. The branches 
3 caustic touch the plane surface of the medium at S, T, 
9 determined by the condition that the rays QS, QT &k 
snt at the critical angle, (Art. 80.) 

' we suppose the figure to revolve about QFA the axis 
e surface, the curve 8FT will trace out the caustic sur- 
to which every ray of the beam of refracted rays is a 



iays incident beyond 8, T are internally reflected within 
enser medium. 

'he caustic just obtained enables us to illustrate the 
mation of the visible image of an object situated in a 
jr medium than that in which the eye is situated, the 
a being bounded by a plane. The dotted curves in the 
e ( — see the next page — ) are intended to represent the 
;ica of three ditferent points of the object, and to avoid 
iBion, only the aaxs of the pencils which the eye receives 




plane, but will seem to rise on all sides, being shaped some- 
tJiing like a basin below the eye., and tending at distant poinb 
towards the surface of the water as an asjonptotie plane. 

76. If a small pencil of diverging rays he reflected at a 
concave spherical mirror, to find the limits of the distance of Ae 
origin from the point of incidence in order that the refieetei 
pencil Toay converge to, or diverge from, both the focal lines. 



its axis are 



The distances of the primary and seconda^ foci of the 
eflected pencil from the point of incidence or it 
^ven by the equatious 

1 _ 2 1 1 _ 2 cos j. 1 



l^ow the reflected pencil convergts to each focaJ line, if r, 

ind V, are both positive ; this will be the case if w be > ; , 

' ^ 2 coa0 ' 

ind consequently > — ~^ , ... and it diverges from each line 

f w, and tJ, are both negative, which will be the case if u 

r cos 6 , ,, »■ Tf 1. *■ COB A 

je < , and conBeanently < j . Ji u be > ^ 

2 ' ^ •' 2coB^ 2 

md < -7 , the reflected pencil converges to one of the 

bcal lines and diverges from the other. 

If the rays reflected in the primary plane are parallel 
,.„.,, r COS A , r cos A . 

ir V, be infinite, tlicn u = — -^ and i). = — - — ^-^rr I the 

' 2 ' 2 sin ip 

atter is the polar equation to the locus of the secondary focus, 
vhen the origin assumes different positions in the same 
)riinary plane, so that the rays in the primary plane may 
le parallel. 
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f ^' the lower sign is inadmissible. 



I therefore ^ 

, differentiating (i), (il), (iii), (iv), 



= -^ is the only result. 



^_<ff <r^ d^ _ 



C03-^ 



dY 



ain-^ 



dtfi' ' dift' 



'"''■3--''"''V''(sy 



— 8in = /i. cos <j 



Bsti 



rf>'_ 



»*■■©• 



tting = ^, ^' =V''' ^^ 8^' ^'^'' ^'^^ value of 



a positive quantity. 



<ft = 1^ makes S a mimmum. 



dtj,^ 



That is, wheu the angle of incidence is equal to the angle 
of emergence, the deviation ia less than in any other case. 

94. We give another method of obtaining the condition 
of minimum deviation, which does not require the use of the 
■iHffertntial Calculus. 

rith our usual notation 
i> = 1^ + - »', { = j>'-\-^\ 
sin <^ = ^ sin <^\ sin ■^ = /i sin ifr'. 
tlliminating <^', ■^' we get 
sin = /i sin 0' = /* sin (i — i/f')=^sInicos'i^' — coatsin^; 
.', (ain + cos i sin '^)'_+ (sin -^ sin tf = p^ sin' i", 
Bin* + 2 cos i sin sim^ + sin' ^ = tt' ain' t. 
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reflexion at any niunbcj- of plane surfacea in Buccession, if the ] 
lines of intersection of the surfaces be all parallel. 
A familiar instance of rays so reflected ia afforded 




I Successive Refractions at Plane Surfaces. 

79. In examining the effect of successive refractions on 
a pencil, the following two conBiderations are employed : — 

(i) The geometrical focus of a direct pencil being the 
point of ultimate intersection of any retracted ray with the 
axis, the pencil after one refraction may idtimately be con- 
sidered to diverge from or to converge to this point as an 
origin, the pencil being supposed a very small one. 

(ii) If a ray be reflected or refracted in any manner m 
passing from one point to another, it is assumed that it 
might pass by the same course reversed from the latter point 
to the former. This ia in accordance with a general law in 
Optics, that the visibility of two points from one another i? 
mutual ; in other words, if a ray of light proceeding from -1 
arrives by any course at B however often reflected or re- 
fracted, a ray can also arrive at A from B by retracbg 
precisely the same course in the opposite direction. 

» Hence when a pencil is emerging from a refracting 

medium, we may when convenient reduce this case to the 
more familiar .one of a pencil entering a refracting medinm, 
by supposing the course of each ray reversed. 
Critical Angle. ^H 

80. If (^ be the angle of incidence of a ray of light, Ifli fl 
0' its angle of refraction mto a denser medium, p. the refractrre I 
index between the media, then 1 

sin ^ = /i sin if), or, sin (f)' — — , sia <(>, I 

Now ft being > 1, (Art. 9), sin ^' is < 1, and this equation 
res a real angle of refraction for any given angle of inci- 
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le equivalent form in r is 

de G 



Note. The form (iii) might have been obtained more 
teadily , — ^for if ^' be the angle of refraction at P, — the refrac- 
uve index, 

sin<^= — sin^'; /. /aV sin <^' = /^ sin <^ ; 

.*. fiy = fJLp ; /. d (jijp) = 0, or /Ltp = (7 a constant. 

Ex. 1. Suppose ficc-, the path is an equiangular spiral. 



Ex. 2. Suppose pu QC -j- , the path is a parabola, focus C. 

122. A ray is propagated through a medium of variable 
density which is symmMrical with respect to the plane of xy 
• — [which is also the plane of the ray), — the differential equation 
to the path is 

da^ __ 1 fdfjb dfi dy\ 
fi \dy dx dx) ' 



• - <i 



toiere lJ'=^f[xy) is the refractive index at any point ccy, and 
T) J- cire the partial differential coefficients offi. 
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^ 








.^ 


^^"-^B 
^^^ 
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\^ 
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t 
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& resalt which shews that (/t being > l) the primaiy or | 
secondary focus is the nearer of the two to the prism, accord- 
ing as 1^ is > or < 1^, 

Cor. 2. If the pencil at emergence diverge from & point, 
i. e. if 17, = V, — we must have 



, and , 



I 



cos' ^' cos' ifr 
cob' * cos' -yjr' 

which rcBult is also the condition of minimum deviation, 
this case the emergent pencil diverges from a point at the 
same distance as its origin from the edge of the prism, and the 
degree of divergence remains unaltered. 

This result is of importance in Newton's experiment here- 
after described. 

Successive Refractions at Spherical Surfaces. 

97. Def. A hns is a portion of a refracting medinn 
bounded by two surfaces of revolution which have a commoii 
axis, called the axis of the lens. 

Obs. The bounding surfaces of a Icna will, unlesB the 
contrary be expressed, be considered spherical — imder which 
denomination plane surfaces are included as a particular case 
when the radius of the sphere is infinite. 

If the surfaces of revolution do not meet, the additioiul 
Burface which is required as a boundary to the lens round the 
edge, will be a cylindrical one, having its axis coincident with 
that of the lens. 



98. Lenses are distinguished by different names, i 
to the nature of their surfaces. 
Thus in the figuii 



ccordin; 
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A 

irhence rfaf* 1 /t?/t J/i dy\ 

7~7^Y /A V% dx' dx)^ 

wliich is the differential equation to the path of the ray. 

123. We may easily obtain the same result from the 
principle that when a ray passes through any medium then 
S (^ . ds) = a minimum, or 



/Vh®]-^- 



a minimum. 



With the usual notation of the Calcultis of Variations 
since /a is a function of x and j/y =<f> [xy) suppose, 

dP 

F= <^ (03^) V(l +/) and J^~^=0 (i). 

Now i^=|v(l+/), P-:j^y 
therefore (i) gives 

dp 

"V^'^'rf^^; 7(1+7) "^^ (i+i>V; 

dx 1 /d/A (f/A 6?y\ 
7+^ "" /A Vrfy die * dx) ' 

the same as before. 

If /> be the radius of curvature at the point xy of the path 
the preceding result can be put in the form 

fi^dfi dy dfi dx 
p dx' ds dy' ds* 

124. If fi=^ (osyz) be the absolute refractive index in 
ie most general case of a medium of varying de»i\a\\:j^fcyBi 
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of the lens respectively, lines being regarded as positive w 
measared in a direction opposite to that of the incident li^ 



I 



From the refraction at the first surface 
fi 1 _/* — 1 



(Art. 27) (i). 



Now a pencil converging to ii" would have F^ for its g 
metrical focus after refraction at B, (Art. 79) ; 



therefore, if the thickness he, neglected, or AF^ regarded u 
= BF„ we get 

which result determines the position of F. 

Note. The points Q and ^are called conjugate foci, wifli 
to the lens. 



100. Cor. l. If( be the thickness of the lens at the axis, 
since 

t = BF^-AF^, 

we might from (i) and (ii) obtain 



a relation which is strictly accurate, and which may be used 
when the thickness is too considerable to allow of any of iK 
powers being neglected. 

COE. 2. If the thickness be sensible, but small, and = f. 
since 



^.(-i) 



,(l-i;)„e„,, 





I 

i 



I 



J 





"fftm 






^^^ 



t 




"^ '^«**- .priori-. :i« 



i/u-t -^n.^ut ..t i--i- 









5^^ 






whence 
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■ {»i), 



\ 



f f _!^+£ 

a relation betweenyand/'. 

If we neglect the square of - , then the approximatioii de- 
duced from (iii), gives 

which accords with the result of Art. 100, Cor, 2. 

Note. It will appear from the preceding, that when tlie 
thickness of a lens is not neglected the focal length does not 
remain the same when the order of the surfaces at which the 
refractions take place, is icTersed. 



102. We will next examine in what 
cases the focal length of a lens is positive 
or negative. 

Let T= CD the thickness of a lena 
measured parallel to the axis at a dis- 
tance Cn=y from the axis, t = AB the 
value of T when y = 0, J. e. at the axis ; 
*-, * the radii of the first and second 
suT&ces. 




Then 



An = 



•ir 



very nearly, 




+ T = t + An; 
t=An-Bm = 



'Hf^-i)-f 



Hence y is positive or negative according as t is > or W 
e. according as the lens is thinnest or thickest at tlie aa' 



of each anrfiico on wLich the ray is incident — meet the aplien! 
in A, B'. and a radius parallel to the intersection of the two 
surfaces , in /. 

Let 

^. , .■ [the angles of incidence and refraction at 1st surfacr, 

n„~T [ 2nd5urfact, 



PAB=e,, QBA=B^t]ie angles which the planea oifaa! I 
and second refraction make with the principal plane, *'. e. tte 
plane perpendicular to each surface, 

ta = AQB = the angle between the planes of Jlrst nnd 
second refraction, 

fi. fi the indices of refraction from the Jirst to the .ieco»i. 
and from the second to the ihird medium, 

D = PR the deviation of the ray ;— then wc have the relations ■ 



sin * sin i^' sin 0' ' 

cos I =co3 0' cos ■^' + sin ^'siu'^' cos m, , 

coBiJ = co3(i^— ^') cos('^»^^') + sin{^— 0') sin (^— ^')cosul i 
and I" ! 

8in^=/ABin^', sin '^' = ^' sin ^. ' 

These equations are sufficient to determine the circniH' 
stances of the transmission of the ray, when the quantities 
given render the problem determinate. 

Cor. If the first and third medium are the same, tb^ 
eaae becomes that of refraction through a prism, and ft . p! =^^ 
In this case we can shew that IP = IE. J^| 



»«x-* 






fV 

^ 






- **. j^^. 




"" • k II,. 



"* till 



If. 



•\ I 



'2 -OCA,. l.H^„^^ ^^ ^ ^ 

. (iv) When „ become, „ "^^ 

tivc or Iho incident ponoil ? ""Sa- 
voreeot, llie emergent „„" ?,°»!- 
c.,nverBe„t,-.na a, J n^*°°'' « 
fr..m ^ to e„ infai,„\^"7»» "A" 
movca from yl up to ^r ' ^ce, ^ .,.-.. 

wlen the ie„. i, ^„J^ <>f Wlativo po^j,. 
Impraclicalls. "■"•«"."«, ,;i^ 

ftE:'«-'*'-pS.4r ^ "'=" '^^ fro. 



oftkelen,, 

/- nuitiericij focal length 



'«°». then 




f^+: 



r? 'ill X'J? '•■» •"^.c°ee? S,""^ 2" ?°«tivo V , 
■ "" t« fori.h ^K 4ete™;_ . '""' 



Then i? «'-liit™' ■»= -g-tirer^"," *» f^J 
I 'fiat ,">* f V '^"^ of 1 



*'«cedii 



*:: iii a princit):. i-iiz- 
ill directii.'ii V-i." ^n 
th-r Tjriin.irr an'.: eecc-iii^ -i • 
tb-i htf: renacrioL. <. . :: m 

^f' em*T--:.cr *n.Iir,/./; 

rnni ill- nrr rtirrtan. r. 



», I ■ 



— \ 



^■ 






K- r. iii.- ijrmiJin' |,i,il/.: 



k'- i 



«S:iL_ihr. 



— —T^; I"''* ■ 



,-. A fj , ' 



• • 4 



osiijo:. • 
Coi. 
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leswwtively, lines^being regarded as iKMBtiM 



sfraction at the first surfiice 

14 1 fJL—1 ,. 




Noir • peneil convergmg to ^woold hare F tor itm 
BMttinl fwM after tefinction at B, (Art. 79) ; * 

•' SF, V -7- (i 

A twib Mt if ^ duckncfls be n^ected, or AF 
• tf;»v«get 

whlok MMh dfitermineB the poedtion of F. 

^i*k TIttpomta Qa&d JT are caUed conjugate fii^i 

100* Ci.>lt L If < be the thickness of the lens at4e c 

t^BF,-AF,y 

wv mi^t iWiu (1) and (li) obtain 

t 1 t 

V s u r 

^ \^{kk^\)^ wtUvh i» (^ctly accurate, and which maj be u 
^ IVvHIi Uv^ khiclLu^tMl i» tvo considerable to allow of any of 

VV^' *« If fchv» thtcktiess be sensible, but small, and 
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For i£ S and S be the points of incidence and emergence tke 
surfaces at these points being parallel, the case is the same as 
that of a ray refracted through a plate whose surfaces tonch 
the lens at R and S. 

When a pencil is refracted obliquely through a lens there 
will be an important difference produced, according as the 
pencil is refracted c&rdrically or excentricallif, i. e. according as 
the direction of its axis between the two refractions does or 
does not pass through the centre of the leua. 

112. iVTien a small pencil is Miqitely and cenlrically 
reacted through a thin lens, to find the distances of the foci 
of the emergent pencil from the centre of the lens. 

Let ^ be an origin of a small pencil whose axis QCSTis 
lefracted obliquely and centrically 
through a lens, — Cbeing the point 
where the axis of the lens meets 
its first surface, which point is the 
centre of the lens if the thickness 
of the lens be neglected (Art. 109). 
^t 0,, Q^ be the primarv and 
secondary foci of the pencil after one refraction, y^, q^ the 
primary and secondary foci of the emergent pencil. 

Let CQ^u, Sq, = v, Sq^ = v^, r, s the radii of the first 
and second surfaces of the lena, <f), if>' the angles of incidence 
and refraction of the axis QG at 0, and consequently the 
angles of emergence and incidence at 8. 

From refraction at the first surface 

/icos'^' cos"^ ji£ cos 0' — cos (^ . 
oy, M r 

Now the pencil emanating in the primary plane from Q, 
diverges in that plane after the second refraction from q^ ; hence 
il' we suppose its course reversed, a pencil converging to q, 
will in the primary plane converge to Q, after refraction into 
the lens ; 

fj, cos' 1^' cos'' ij> ^fi cos if}' - cos <f) 

'''~CQ, ^" s • 

the points C, 8 being regarded as coincident 





HINIIIUM ABSBaA.!K(Mr- 

The focal length of the lena being given, the valnerf 
for a proposed value of u is known. Hence we nniat have j 

/I ly/i ,.+i\ /I ly/i ,.+i\ 






minunum,,* 



In consistence with these two latter conditions, let n 
assume 



1 a+I 1 



2/ ' 



also 



1^ x+1 I' x-1 

30 that X is the only variable quantity, — ^we get by B 
atitution. 



-8/-0— 1)" 



Now we pass from 

-to 



by changing the signs of -F 



S/" (/.-!}' 



- (ji-l) a~ fi]'[x- (fi'~l) a-fi'] ...(W 



i 



In adding, (i) and (ii) terms of odd dimension in x and ft 

and the sum 1: 



is to be a minimiMn by the variation of x ; 
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lay generally — ^in the cases which occur in Optical Instru- 
lents where the obliquity is small — ^regard, 





(i) the reflected pencil as converging to or diverging 
rem a point j, — Q^ a being conjugate foci on the line QCq^ 
rhich passes through C the centre of the spherical surface ; 





(ii) the refracted pencil as diverging from or converging 
a point o' which lies on the line QGq passing through G the 
«ntre of the lens, — ^the point q being taken to be the position 
>f the circle of least confusion — or else determined from the 

equation -^ — 7771= ":>> which will generally be sufliciently 
Lq yj^ J 

approximate. 

When only a small part of such a pencil exists — as the 
small excentrical pencil Qrs — ^we may still regard this exceh- 
trical portion as diverging from or converging to the same 
point Q after reflexion or refraction. 

The student will bear in mind that this supposition is only 
approximately true ; but it is sufficiently so for the purpose 
)i description and explanation of pencils passing through 
Optical Listruments, and we shall make frequent use of it 
lereafter. 

1—^ 






k<«Cadl 



^ 



Th« Ai;w« re{)rtiM!ntii « Kction of die lens hj 
tiitwgh itM axil) with respect to which axia the lena 

I'hft osn^ put C U tHe Mine u tlie secti<m of i 
IttHKtthe lljrlit f/U'insM it« principal fecas, — so that 
ttt Mnwj;«nee iVnm €«i« fwnUH to OC «,a ... ue 
(^ |yrUMMt~4lw A^t vh^dom <>f wiaA »e Wimcr so 



r!f LIGJITIIwt crx I'll 





ff • *r .iSLET intenial MrHi-.xi .»..'/'/. i. ... |' .» 

=THipTTaa. redectur wh'^A*-. f>««.f. , h 

^ IH'wc ?ii::pode the fi;j;ui4: Um <'.*•,, . , . , .< u/; ../,,, 
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CHAPTEK VT. 

EEFMCTION THROUGH MEDIA OP VAETISG DENSITY; — 

EEFLESION AND REFRACTION AT A SURFACE 

IN ANT MANNER. 

118. When a ray traverses a medium the density of 
whict varies continuously from point to point, we may regmd 
tke value of /i, — the ahsoiute refractive index, — at any point as 
a function of the position of the point ; and the equation /*= G, 
a constant quantity, would belong to a surface at every point 
of which the aheolute refractive index is the same, — and tha 
form of this surface will indicate the law of stratification of 
the medium. By varying this constant continuously we 
should obtain the consecutive surfaces of equal refractive misi 
in the medium ; and if /i, fi + d/L be the abaohle indices of re- 
fraction for two consecutive strata, the relative index from the 

former of the two into the latter will be ^- ^ . (Art. 83, 8i.) 

When the change of density and therefore of refracliw 
index is continuous, the ordinary law of refraction will lead to 
a differential equation, the solution of which will enable us to 
determine the path of the ray, 

119. Suppose a ray passing from 8 stratum A into another 
B, — n, /!.+ d/j. the absolute refractive indices of A and B,— 
if), tj> + d<f> the angles of incidence and refraction at the com- 
mon surface of ^, B: — tlien we have (Art. 10), 

or neglecting squares and products of small quantities, 
D<ji + d(f> cos cj> ; 
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MEDIA OP VAEYINQ DENSITY. 

. e. wBen the differeuce of refractive index is small, the devi- 
xtion varies as the tangent of the angle of incidence. 

Obs. The coefficient — ^ in accordance with the results 

of experiment is assumed to be proportional to the differ- 
ence of densi^ of the strata, when that difference is small. 

120, The following examples will illustrate the applica- 
tion of the preceding principles. 

To find the path of a ray in a tnedium, the denaitT/ at any 
point of which varies as its distance from a fixed plane. 

The ray will pass in one plane — which take as plane of 
xy ; and tlie axis of x perpendicular 
to the fixed plane, 

Xic the density at a distance x 
fiom the fixed plane. 

Then (Art. 119, Ohs.) 

— oc X.dx — K .dx, 
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whena; = 0, /*=1; .". ^=1, and/* = e"°. 

Again, at any point, if be the angle which the tangent 
to the path of the ray makes with axis of x, — which angle ia 
the angle of incidence, — 

s\ii^ = '^ . sin {'f>+dtj>}, 
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nr appreciably be a-egarded as coincident. This will 
Hy the case at the centre of the field of yiew of a tele- 
ffmd when the field of view is not large it may be 
^ as true over its whole extent. 

un we speak of image simply, we shall in general mean 
metrical image. 

B Def. If an imago consist of points through whicli 
It actually passes it is called real; — in other cases vir- 

ice a screen placed in the position of an image wiH 
lillaminatiDQ only when the image is real. 
familiar instance of a virtual image is that formed by 
iion looking-glass of an object in front of it: — the 
W'an object underwater is virtual. The images formed 
tobject glass of an astronomical telescope — by the large 
;of a Gregorian Telescope — by a camera obscura — are 
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rther, a real visible object and its optical image differ 
liespect — from the former, light emanates in every di- 
^ and it can he seen in any direction, if nothing opaque 
teosed between it and the eye, — an image can only be 
Ben the eye is placed in the pencil of rays which go to 
Lor diverge &om it. If however the image be received 
Breen, — such as paper or roughened glass — the light 
iting the image illuminates the screen like a picture, ■ 

rbe viewed by the eye as if it were a real object. "I 
Def. An image is erect when corresponding points 
ijbject and image are on the same aide of the axis of the 
Jig or refracting surface — inverted, when they are on 
lis sides. 

fflie former case the corresponding parts of the object 
t^ appear in the same relative directions in space — in 
Hbt, the image is inverted as regards up and doicn, and 
^eed as regards riffht and lefi. Considering the line 
• along the axis of the lens or mirror as the centre of 
S of view, if the image were turned through 180° about 
|b, the parts of the image would then be in the same 
» position aa the corresponding parts of the object. 
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Ohs. In a similar way the geometrical image of a straight 
ae formed by reflexion at a spherical mirror may be examined, 
id ^will be found to be a conic section. 

145. Cob. 1. It may be useful to examine the more 
jcnrate value of the curvature at the vertex of the image, 
hen the primary focus of an emergent pencil is taken to be 
.e image of the corresponding point. 




Then Cj = Vi, GQ^u 



a 



cos^ 



connected by the formula 



1 1 ucos6' — cos6 ... ,^ - 

= %7 ( TVJ^ (Art. 112 ; 

t?j u cos*9. (/It — 1)/ ^ '^ 

1 ^ cos /A cos ^ — cos 
" Vj"" a cos*<^ (/Lt— 1)/* 

Let (^=F, then -tv=- + :?> 
^ V a f 

also Cw = VjCOS0, jn = VjSin^; 

;i 4r ^T4.(9'^y l-r^ i;^'sin'<^ 

.-. p = rad. curv. at » = - Lt. -^— ^ = - lit. ^t ^ 

'^ -^ 2 jm 2 V—v^cos<f> 

v^ sin' <^ 



= lLt. 



- iLt ^ — 
2 F cos 



fcOg^ /.C08.^'-C0S^1_ 

sin' d» 



.s^ aco3^--cos^ ./I ly 

Now ^' = * , nearly ;— and Lt. ^ = 1 when <^ = ; 
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132 DXBTOmON. 

telescope, since a ptane sni&ce In front of the object-gliaB 
would nave for its image — at the prindnal focna of l£e ohject- 
glass — a siu&ce concave towards the ODJect-elass, and Aem- 
fore convex towards the eye-glass ; on whi(£ convex sinfiMe 
the objects contained in the original plane field observed, 
would appear to be distributed. 

Affain, let the points of the image and object be lefened 
to pokr co-ordinates (r, 0) — ^the radius vector r bcdng mei- 
sured perpendicular to the axis of the lens or minor, and the 
i-O being the angle which r makes with a fixed plane passiiig 
through the same axis. Then if the ratio of the radii vecfcom 
of any point of the image and of the corresponding point of 
the object is not constant when different points are takfift— 
there is linear distortion of the image. 

And when the values of d are not the same for pain of 
corresponding points of the image and object — there is omv- 
lar dtstartian. 



When an image is formed by centrical pendls, 
linear nor angular distortion will have any existence. Wben 
the image is formed by excentrical pencils — ^as in the case of 
the eye-glass of a telescope — there will be linear distortion in 
the image: — and if the eye be not on the axis of the lens, or if 
the surfaces of the lens be not surfaces of revolution, thexe 
>viU be angular distortion also. 

Obs. In all cases of oblig^ue reflexion or re&action, the 
image does not in general consist of an assemblage of poiniSf 
but of circles of confusion overlapping one another, and it is 
therefore called indistinct 

This cause of imperfection of an image cannot be altogether 
obviated, and it will in general vary at different points of the 
image : — the magnitude of the circles of confusion at dif- 
ferent points might be taken as a measure of the comparative 
indistinctness. 

148. Caustics. 

In Chapter III. we have indicated the general nutiiod 
which must be adopted to find the caustic fi>rmed bj 
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or refraction in any case, and we have there given some ex- 
amples of their formation and of their use in enabling us to 
construct the visible image of an object. We will here give 
a few general theorems respecting caustics and a general expla- 
nation of the apparent deformation of an ohject seen "by 
reflexion at a mirror, — or throngh a lens. 



149. (i) Suppose an object 
ia viewed through a convex lens. 
Let QRSE be the course of the 
axis of a pencil by which any 
point of it is seen. Then this pencil 
13 deflected by the lens in the same 
way as it would be by passing through 
a prism whose faces coincide with 
the tangent planes to the surfaces 
of the lens at R and iS". The edge 
of such a prism would be turned 
from the axis of the lens and 
the deviation of the pencil would 
be greater the greater the angle of 
the prism, — ao that the angular dis- 

Elacement of points of the image 
om the axis of the lens would be 
greater than in proportion to the 
distance of the corresponding points 
of the object from the same axis. 
Hence the distortion of an object 
like tig. 1 would in character resem- 
ble that given in fig. 2. 

{ii) If an object be viewed through 
a concave lens, a similar mode of 
reasoning will shew that the distorted 
image of fig. 1 would resemble the 
appearance of fig. 3. 

This accounts for the distortion 
of objects seen through spectacles. 
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150. To estimate the distortion of a distant object viewed 
by refles^on at a concave or convex mirror. 

Let E be the position of the 
eye, C the centre of the surface, 
so that EC ia the axis of viaual 
reference. 



r coBifi 




Let QBE he the axis of the 
small ohhque pencil hy which any 

Eoint Q of a tUatant object is seen 
J E, 2 the position of the circle of least confusion of this pencil, 

AC^r, AE=x, AB=y; .•.AM=^. 
' > ^> 2r 

Then considering the raya from Q to he parallel, we HaTB 
, and 2tq = A, where 



~ 2 coa ' 

C03<^ 
1 _ U, C03 ^ + «, _ % 

A " «,Vj (1 + COS (j)) 1 + CO! 



(Art. 70), 



_2 j cos'^ + sec^l 2/ ^ / 



if 1^' &c. he neglected ; 



= S<i = ~. 



Atao a ray diverging from Y would after reflexion 1 
through E; 
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Now the amount of illumination emanating from tlie object 
and intercepted by the lens may be measured by 



area object . /. — ^ = area object . /. -jr 
and this ia difiiised over the image ; 
.". iUmnination at a point of the image 




d* ' area of image ' 



a: apparent magnitude of lens as seen from the image. 

The same result -will follow for the brightness of an image 
formed by reflexion at a spherical mirror, and is, as we see, 
independent of the distance of the object. 

Thus the niumination of an image formed by a lens or 
mirror, — (supposing no light lost by reflexion or refraction or 
absorption by the screen which receives the image) — is the 
same as would be produced by the direct light of the leas or 
mirror if it were equally luminous with the surface of the 
object which emits the Hght. 

This auppoaes the object to be of sensible magnitude. 
When the object and its image are physical points — as a star 
and its image — the eye judges only of absolnte light, and the 
brightness of the image is proportional to the density of rays 
concentrated in it, i. e. the brightness and apparent magni- 
tude of the lens as seen from the object. Thus in the case of 
a Stat whose distance is constant, the absolute brightness of 
the image is proportional to the area of the object-glass: 
hence the importance of large telescopes in observing very 
faint stars. 

152. To measure the comparative density of the rays at 
different points of a catacauBttc. 
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Let Q be the radiant point, QG t!ie axis of the minor, 
QR the axis of a small pencil 
^^;S, of which Oj, q^ are the pri- 
mary and secondary foci after re- 
flexion, the angle of incidence, 
/ the intrinsic intensity of rays 
diverging from Q. 

Then in primary plane con- 
densation of rays at §', 

Rq, 

and in secondary plane condensation at j, 
1 %, 

therefore on the whole, condenaation at 5, 
Rq , . .Ry, 

The above neglecta the rays which may pass through 5, 
after reflexion at other points of the mirror, which however 
would vanish compared with the condensation of rays in the 
primary plane. 

The expression becomes indefinitely large at the geo- 
metrical focus, since 5, y, is there = — that is, the condensa- 
tion of rays at the geometrical focus is very much greater 
than at other points of the caustic. 

A similar measure might be obtained in the case of a 
diacauatic, — but such measures cannot be expressed very 
simply in analytical terms. 

153. Length of the curve of a caustic hy reflexion or rflj^ 
fraction. S 

(i) By reflexion. 

Let S be the radiant point, SP, SQ, SR three consecutive 
rays, the first two intersecting in p after reflexion, the last 
two intersecting in 5. p, q are ultimately points on t ha__ 
caustic, and jjy is ultimately a small arc of the caustic, 
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Let /SP= Pj Pp = p\ Ap = o- = length of caustic measured 




from some fixed point A on it. Draw iV, Qs^ perpendiculars 
from P on SQ and from Q on Pp. 

Then if be the angle of incidence at P, we have 

^ = PQsin^ = Pj?, nearly, 

and therefore if Ap be the small change of p in passing from 
Pto Q, 

^p=^Qr=:P8 = Pp''Qp=^Fp-{Qq-pq) 

•=p'-(/>' + Ap')+A(r; 

/. A(r=:Ap + Ap. 

This which is approximately true becomes strictly true in the 
limit; therefore integrating 

o- = p + /)' + a constant. 

p, f} are supposed to be measured positive in the direction in 
which light is propagated. 

(ii) By refraction. 

With notation similar to the preceding, 




ABTMFTOTE TO A CAUSTIC. 

/» being the index of refraction from firs: i.. 
•ectmd, we have 

Ap=Qr = PQ.sm4, = fiPQ aii. ^' 

't^\Pp-{Qq-pq)\ 

'^^l.\p^-{p'^■^p')-¥^<r]■, 

.: Ao- = — ^ + Ap': 

.-. 0- = t! + p' + a constant. 

>* '^ 

Thus we see that the length of an;- catacaii-^ 
cauAtic corresponding to any pencil in one plai^ 
pressed in algebraic terms. 

In each of the abore cases (i), (ii), p, p arc 
be measured positive in the direction in^liic!' 
pagated. 

Analrtical inveBtigations of the above ru- 
in Herscnel'a L^ht and other works. 

Cob. When two consecutive reflected or 
are parallel, it indicates an asymptote in the r 
any variable which defines the direction of ; 
^ the angle which the corresponding rcflici. 
ray makes with a fixed direction, — then for ;; 

the caostic we must have -yt = 0. 
dtp 

If the value of -X^ does not vanish foi 
dtp 

value of 0, there is no asymptote. 



154. The firm of a caualic r. 
jHtrabobt. 
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ilarly on a screen, 
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CHAPTER IX. 



ON THE CHROMATIC DISPERSION OF LIGHT. 

155. In the previous cliaptera pencils of light havelreai 
considereii homogeneous. The following experiment of New- 
ton shews that a pencil of aunlight has not thjs imifonn nattm^ 
tut admits of decomposition into a system of pencils, in eacli 
of which the rays have a peculiar degree of refeangihility. 

156. NewtorCs Experiment, 

If the light of the sun te admitted into a darkened room 
through a small aperture .4 in a window-shutter, the pencil 




^M of Hght after entering the room may be regarded as approxi- 

^M inately a cone, with A for its vertex, and the sun's apparent 

^1 diameter for its vertical angle. If this pencil be allowed to 

^1 fall peipendicularly on a screen, a circular bright spot B of 

H white ught is visible. Let the pencil now be refracted 

H upwards through a prism of glass, or any other re/racttiUl_ 

H substance, placed very near to the aperture A, the axis of 

H the pencil passing perpendicularly to .the edge of the prism 

H C, which for convenience of reference wo will suppose hori- 

^B zontal, and very near to it, 
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If the pencil be now received perpendicularly on a screen, 
an elongated Btripe, or spectrum D ia seen. On tEming the 
prism continuously about its edge, this Bpectnun will descend 
to a certain limiting position, and then ascend. It will be in 
this limiting position when the prism ia in a position of mini- 
mum deviation, which ia indicated by the spectrum remaining 
stationary for a i>ery small an^lar motion of the prism about 
its edge m either direction. If the spectrum be examined in 
this position, the distance CD being equal to CB, it ia found 
to be of the same horizontal breadth as the circular spot B, 
but about five times longer, and of different colours in diffe- 
rent parts, being red at the lowest, or least refracted end, 
then by a gradual change of tint becoming orange, yellow, 
green, blue, indigo, vioht in succession, as we proceed to the 
upper extremity. 

Now, since the axis of the pencil passes with minimum 
deviation in a principal plane of the pnsm, and very near its 
edge, — if light wore homogeneous the refracted pencil would 
be a cone diverging from an origin at a distance = CA from 
C, and having the sun's apparent diameter for its vertical 
angle (Art. 96, Cor. 2). This cone being received perpen- 
dicularly on a screen at a distance CD = CB the appearance 
would be a circular spot exactly equal to B. The experiment 
therefore leads to the following theory: 

Sun-light consists of different species of light of all 
degrees of refrangibility within certain limits, and of all 
varieties of colour. The red rays are the least, and the violet 
rays the most refrangible. 

Obs. The elongation of the spectrum in this experiment, 
as stated above, is that which was observed by Newton with 
the prism used by him. Its amount in different cases depends 
on the refracting angle of the prism and its material. 

157. The spectrum formed in the manner just described 
will not be pure, that is, the coloured light at any point of it 
will consist of a mixture of rays of a higher degree of refran- 
gibility from one point of the sun's disc with raja of a lower 
degree of refrangibility from a lower point ; and consequently 
in thia spectrum the rays of different degrees of refr-angibility 
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are not accnratelv separated. The defect arising from i 
over-lapping of the spectra which correspond to pencils B" 
natin^ irom successive points of the aim's disc, mr~ 
diminished by receiving the pencil which enters 
(fig. p. 142) on g. screen perforated so as to allow only a 
part of this pencil to pass, and thus the pencil incideDt ■ 
the prism would have a smaller vertical angle, and diJ 
more nearij from a point. 

But a better plan is to ohtain a very small image ( 
sen by means of a lens of small focal length (aa in the figun},! 
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and a small part of the pencil diverging from this image m^ 
be allowed to pass through the aperture A and received on 
the prism. 

If, for example, the focal length of the lena be 1 inch, the 
diameter of the sun's image formed at its principal focus =■ 
tan {sun's apparent diameter) = tan 30' nearly = rb inch, which 
is so small a quantity that for this purpose it maybe regarded 
as a physical point. 

If the screen D be moveable, and perforated at T, any part 
of the Bpectnim first formed can be insulated and separately 
examined or analyzed by a second prism E. 

By this means a high degree of purity in tlie spectmni 
may be obtained; when this is done, it is found tliat the 
colours admit of no further decomposition, since when ani^ 
lyzed by a second prism at E, and received on a screen F, the 
appearance there is a spot of uniform colour, the same aa at T, 
and of dimension the same as if the pencil at T Iiad bees 
allowed to pass uninterrupted to the screen F. a 
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■'fiirther from G, a similar tand is seen. From H to I, the end 
of the spectrum, the lines are equally numerous. 

Two of the fixed lines, probably E and F, had been dis- 
covered by Wollaston previously to the experiments of Fraun- 
hofer — but Le did not pursue the investigation of them. 

161. The name oi fixed lines was given by Fraunhofer to 
these dark bands which interrupt the continuity of the colours. 
As long as the source of light remains the same, these lines 
occur in the Bame order and in the same colours, whatever be 
the substance of which the prism is formed, — their relative 
distances only varying when different substances are employed. 

Thus for instance with solar light — whether obtained 
directly from the Sun, or indirectly, as from the clouds or sky, 
from the Moon or planets, or from a rainbow- — the pheno- 
mena of the dark Unes in the spectrum, as to order, number, 
and relative position, is always the same when the same sub- 
stance is used. 

When the Sun is very near the horizon the blue end of 
the spectrum disappears, and lines are seen in the remaining , 
part which were not before visible. 

Analogous effects are produced by interposing certain 
coloured vapours and liquids between the slit A and the source 
of light. 

In the spectrum given by the light of various fixed stars 
lines are observed differently situated from those of the solar 
spectrum. When the flame of a candle or oil-lamp is placed 
behind A the spectrum is not interrupted by dark lines : — a 
bright double line however is seen exactly occupying the place 
of the double line D. 

When the flame of a spirit-lamp is placed behind A, the 
double line D is extremely bright compared with the rest of 
the spectrum. The spectrum formed by electrical light con- 
sists almost entirely of a few bright lines, some of which, 
according to the observations of Prof, Wheatstone, appear to 
depend upon the nature of the substances between which the 
apark is produced. 
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162. Fraimhofei selected the fixed lines B, 0, D, i:,f, 
Cf, Has points of reference in the spectrum, and by measaiing 
(Art, 165) with extreme accuracy toe deviations of these Hcea 
through prisma of the same substance with different refracting 
angles, he ascertained that for a ray corresponding to any one 
of the fixed lines, the ratio of the sine of the angle of inci- 
dence to the sine of the angle of refraction was invariable, — 
thus affording the strongest corroboration of the law of re- 
fraction {Art. 9). 

The following table contains some of the results of Franu- 
hofer's observations as given in his Eaaayon the Determinatio% 
of Refractive Powers, &c. — the refractive index of a fixed line 
being understood to mean that of a ray which would suffer the 
Bame deviation, if it existed. 
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163. The following two propositions will indicate the 

nature of the observations requisite for determining the index ] 
of refraction of a ray of any colour — the ray being defined 
by its position relative to the fixed lines of the spectnun. 



164. To measure the refracting angle ofapriam. 
Let the prism be firmly fixed to a graduated circle 
■vided with verniers, — the edge of 
the prism being at the centre of the 
circle, perpendicular to its plane, 
and turned towards the object-glass 
, telescope fixed to the circle, 
rcle be turned until the 
a well-defined distant object 
, seen by reflexion at one -of the 
the prism, and viewed 
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tliTongli the telescope, coincides with the intersection of the 
cross-wirea at the principal focus of the object-glass of the 
telescope — and read off the verniers attached to the circle, 

Turn the circle about its centre till the image of the same 
object seen by reflexion at the other face of the prism coincides 
with the intersection of the cross-wires — the effect will be the 
saroe as if we supposed the circle to be stationary, and the 
object A to revolve about the centre of the circle into a 
position A' such that it is seen by reflexion at the second face 
of the prism, and read off the verniers again. The difference 
of the readings — or the angle through which the circle haa 
been turned — is equal to twice the angle of the prism, 

165. To measure the minimum deviation, of a ray corre- 
aponding to one of the fixed lines, out of air into any medium 
firmed into a prism; and thence to determine its index of 
refra^ion. 

Let be the centre of a graduated chcle moveable round 
an axis perpendicular to its own plane 
on a fixea circle carrying verniers, 
Cc a telescope the axis of the objects 
glass of which passes through the axis 
of the circle ana is paiallel to the plane 
of the circle, — A the intersection of the 
plane described by the axis of the 
telescope with the slit perpendicular 
to the plane of the circle, by which 
light is admitted. The telescope ia 
provided with cross-wires at such a 
distance from the object-glass that 
when it is pointed to Jl, the image of A may be at the inter- 
section of the wires. Place tlie prism with its edge perpen- 
dicular to the plane of the circle, ao that its faces may be 
equidistant from the axis of the circle. Turn the prism until 
the incident ray and the given emergent ray make equal 
angles with the faces of the prism — i. e. until the deviation 
of this particular ray is a minimum, or the image of the fixed 
line stationaTy, The prism retaining this position, turn the 

__telescope till the image of the line coincides with the inter- 

fc^Bction of the wires and read the vernieta. 
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Now remove the prism and turn tie telescope uiitil tlM 
Intersection of the wires coincides with the image of ^ and 
read the verniers again. The difference of the two readings— 
or the angle through which the circle has been turned between 
the two observations — ia the minimum deviation of the given 
ray. 

lis he this deviation, t the refracting angle of the priBm, 
fi the index of refraction for the given colour, or fixed line, 
then with the notation of Art. (95), 



from which /j. can he calculated numerically. 

16G. 05s. The refractive index of a fluid or a gaa for 
a given fixed line may he found in the same manner by en- 
closing the fluid or gas in a hollow prism of glass, the sides 
of which are plates with their surfaces accurately parallel. 
The deviation of the axis of the pencil then arises entirely 
from refraction through the fluid. 

To obtain the index of refraction from air into vacuum, 
the hollow prism must be exhausted: the deviation in this 
case will be negative, and the valne of /i < 1. Of course the 
refractive index from vacuum into air is the reciprocal of the 
valne of /i thus found ; the values of the absolute refractive 
indices can then be calculated (Art. 84). 

Note. When the prism is not suiEciently perfect to ex- 
hibit the fixed linea, we must select by estimation the par- 
ticular part of the spectrum for which the index of refraction 
13 reqiured, — and measure the deviation as above. 

As the spectrum produced by a given species of light— 
sun-light for instance — refi-acted through a given substance 
always presents the same phenomena, we may regard it afl 
a standard scale of colours which can be reproduced at any 
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time, and in which any particular tint may be defined and 
identified by reference to the fixed lines. 




Thus the value of ft for any particular medium or sub- 
stance is not invariable, but is susceptible of eveiy p 
value between certain limits : but raya corresponding to each 
particular valae of ft will confonn to the laws of reflexion 
and refraction ■which have been discussed in the previous 
chapters on the supposition of light being homogeneous. 

167. Def. A ray of white light being decomposed by 
refi-action at any surface into a beam of coloured rays, the 
angle between any coloured ray, or ray corresponding to a 
fixed line, and the original white ray produced, is the devia^ 
tton of that colour or fixed line. 

The difference of the deviations of two colours, or fixed 
lines, is the dispersion of those colours or fixed lines, 

A discussion of the values of fi obtained in Fraunhofer's 
manner leads to the conclusion, — that the ratio of the dis- 
persion of any two colours to the dispersion of the extreme 
colours of the spectrum, is not constant when different media 
are used. This fact is called the Irrationality of disper- 
sion. 

Hence if two prisms be formed of different substances and 
of such refracting angles as to give spectra of the same total 
length, i, e. equal total dispersion, — and they be placed so 
as to refract a pencil of white light in opposite directions, — 
in the . emergent beam the extreme red and violet will be 
united but the intermediate colours will not be completely so, 
but will give rise to a spectrum of faint colours and small 
breadth. Such spectra which exist in consequence of the 
irrationality of dispersion are called secondary spectra, 

168, When a ray of white light is refracted through a 
prism in a principal plane, to find the dispersion of two colours 
of given refractive iiuiex. 

Let 1 be the refracting angle of the prism, A the angle of 
incidence of the white ray, A' the angle of refraction of the 
coloured ray for which /* is the. refractive index, — and ^\ ^fr 
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ftngles of incidence and emergence of tlie same at the second 
soT&ce, — D the deviation of this colour. Then 



sin tf> = fi sin ^ 
D = 4, + f-i, 



sin ■^ = /i sin ilr' ; 
= <},' + f (Art. 92. Obs. 2). 



If fi + Sfi "be the index of refraction for another of the 
colours into which the incident ray is separated by refraction, 
Sfi being small — D + hD the deviation of this second colonr— 
then will hD be the dispersion required. 

Treating /i as an independent variable, since it is auaeffli- 
tible of all values between the limits corresponding to tne 
extreme colours, ^ being constant, 



a]j, 

Mr 



V, 



« = ?■- 



cos -^ -j^ = sin ■^' + /i cos ■yfr' -J- 



t?f 



rf/i ' 



= sin ^' + /t cos ^' 

COB'^ dr^ _ sin ^' BJnijt' _ 
" COB ^' ' dfi cos yjr coa i^' 



dft' 



,3 tf>' COB -fjr' ' 



therefore the dispersion 



= SZ) = V-.o/*= i T- 

d/A "^ coa -f cos tp 



.B/M. 



The above expression for the dispersion 
cannot vanish for any position of the prism. It admits how- 



169. Cor. 
_ jmot vanish „ , _ . 

ever of a minimum value, which will happen when 



cos -^ cos^' = maxii/iuiH' 
When such is the case, fi being constant in this problem, 
tan ^ . d-^ + tan <^' . d<p' = 
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sin [ , sin i, , 

■ T' T "/* = 1-r-^ — r <*/*.> 

COS C03 Y COS 01 COS IfTj '^" 

Be condition required, 

If the prisms are of the same substance, then d/J, = dfi^. 

176. Note. Since only a limited number of colours can 
1 united by an achromatic combination, — it will be beat 

^select coiours for this purpose which have a brilliant illu- 
mating power and also differ considerably in eolotu: — since 
' this course a far greater concentration of light and a 
pre approximate union of the remaining colours will be 
poduced, than if we attempted to unite the extreme red and 
iolet raya which are too little luminous to render their union 
h matter of importance. 

For example, if two colom-s only are to be united, the 
irt to be selected for this purpose are those defined by 
B fixed lines G and F, or D and F {Ait. IGO). If there be 
^sufficient number of disposable quantities to enable H8 to 
unite three colours, the best to be selected would be the 
fixed lines C, E, and G, — or C, F, and a colour midway 
between Z> and E. 

177. Achromatic Lenses. 

In forming an achromatic combination of lenses the pro- 
blem is different according as the refracted pencil passes 
centrically or excenPrically. In the former case the pencils 
of different colours into whicli an incident pencil is separated 
have ft common axis (Art. Ill) in which their points of di- 
vergence or convergence lie (Art. 113), and the combination ia 
achromatised by making as many as possible of these points 
coincide. But in a pencil refracted excentrically, the axes of 
the coloured pencils after refraction have difierent directions 
BO that there is an angular separation of their points of 
divergence or convergence — as seen by an eye in a given 
position — and the condition of achromatism will be that 
which will render the axes of as many as possible of these 
coloured pencils parallel — since rays whicli enter the eye in 
Btate of parallelism affect the eye in the same way as if they 
were coincident — or very nearly so. 
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1 72. A combination of priama or leneea 
malic wlu'ii tlie dispersion of the pencil"- 
through them ia reduced within the narrov. 
We proceed to consider the conditions whii 
in such combinations. 
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I A pencil of sun-light after refraction does not in general 
bverge to or diverge from a point, for two reaaons ; (i) from 
_ Ee imeqnal refrangibility of the different species of light of 
"wvhich it is composed, and (ii) in consequence of the finite 
"breadth of the pencil and the cui-vatuie of the refracting 
surface. These causes of afeen-ation being independent of one 
a.nother may be separately considered. It will therefore he 
supposed for simplicity in the following articles, in investigat- 
ing the conditions of achromatism, that no spherical aberra- 
tion — (i. e. aberration arising from the curvature of the re- 
fracting surfaces,) — exists in the pencils which we consider. 
^Moreover we shall consider it sufficient to obtain the conditions 
of achromatism _^ the axis of a pencil, sinceif these conditionfl 
are satisfied for the axis, they will be so very approximately 
for the other rays of the pencU,— supposing it small. 

When we speak of a colour it must be understood to be 
defined hy its position among the jixed lines of the spectrum 
■ — or to correspond itself to a jixed line. 

173. The possibiliti/ of an achromatic combination arises 
Aom the fact that the dispersion of a ray and the deviation of 
any particular colour — or the mean deviation, if for convenience 
we take this as a definite measure of the deviation of the 
ray — produced by a refracting medium are not proportional., 
A compaiison of the results given in the table {page 148) will 
prove uiia. 

If dispersion were proportional to deviation for different 
media, then any combination which would destroy dispersion, 
would also destroy deviation ; and in consequence would be 
useless for the purposes for which such combinations are 
designed. For instance, a combination of lenses in a telescope 
would have no magnifying power, if it did not produce devia- 
tion in the axis of a pencil transmitted through the telescope; 
but since in different media dispersion is not proportional to 
deviation, media can be found which produce the same disper- 
sion in tmposite directions of a given colour relatively to an-i 
other, — but at the same time, different deviations in opposite 
directions in the axis of a pencil. If a pencil then be refract- 
ed through these media, the two colours in question can be 
muted, while the axis of the pencil suffers a deviation ec^oal 



m 



r^tmBbiit rfma w^ 



If this be. expanded in powers of the small quantity — ~. 

and powers higlier than the second be neglected, this becomei 

A 'If. < ( », v. 

(»+/,)"' ft -I («+y;rV,-w' 

and if ^L^ become (i^ + dft^, 

the alteration of ^ is = — —, . -^ . 

Hence if v remain the same for the two pairs of refrac- I 
tire indices which we liave considered, — or if the comhinations I 
he achromatic for the two corresponding colours, I 

n ^ /, _^^__?/i_|'^i_V , 2 _^. 
the condition of achramatism. 

180. A pencil passes excentrtcally through tioo thin lenset 
a^Mzrated hy a given interval, — its axis h^are ineidenee inter- 
aectirig (Ae common axis of the lenses in a given point : — to find 
the condition of achromatism. 

Let /,, /, be the focal lengths of the lenses for a ixd 
line whose refractive index in them is ^,, /*, respectively, a 
the distance between the centres of the lenses. Let the axis 
of the pencil of this colotir before and after reiraction through 
the first lens cut the axis of the lenses at distances h , c, 
from tlie centre of that lens, — and before and after refrac- 
tion tiirough the second lens at distances i , c, from the 
centre of that lens; — also let e, t/ be its inennatioa to the 
axis of the lenses before reiraction and at emergence. 



Then using first approximations (Art. 137). 
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tan € c^c^' 
and .-. -^ = 1 + -J, -^ = 1+ ^ ' ■ ; 
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taniy &^ &, 
tan € ^ Cj c. 
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4 become f^tts 



the alteration of 
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r IS ■< 



M.-17.. 



and of ^ i8 = J^ |l + ^ +^l - J^ 

eglecting the product of — ^ and — ^ . 

Hence, if 17 be the same for the two pairs of refractive 
idices, or the combination be achromatic for the two corre- 
ponding kinds of light, 

be condition of achromatism. 

\\— ^ 
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Let C be the centre of a tliin leus AB through which a 
■encil ifl directly refra«ted, v, r the 
feometrical foci for the most and 
Bast refracted raja of the pencil, 
t,, ft^ the indices of refraction for 
lie same respectively, fi the index 
!oi mean rays, v the distance from 
Jie centre of the geometrical focus 
>f mean rays, u the distance from the centre of the origin of 
ihe pencil which we suppose to consist of white light at inci- 
3ence, r, s the radii of the lens, — lines as usual being accounted 
positive when measured from the centre contrary to the direc- 
don of the incident pencil. Then 
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= (M,-.,)(i-;)- 



Cr-Oa , ,^1 n 

Cr.Cv ' 



^ce Or — Cv is lisually small compared with Cv or Cr, 
gremty put 
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if w be the dispersive power of the lens (171) and / its focal 
length for mean rays ; 

.". chromatic aberration = Cr ~ Cv = rv= — tt . 

CoK. Of the two points, r, «,— -w is the nearer to C, except 
when the origin of the pencil is between the centre of the 
lens and the principal focus of rays incident in the contrary 
direction. 
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Bpectmm in whieli it happens to be placed, but its tue is im 
more brilliant and vivid when placed in a part of the sp 
trum analogous to its own natural colour. Hence we are led 
to conclude that the colours of natural bodies are not qualities 
inherent in themselves, but arise from their aptitude to absorb 
and reflect different kinds of light. Thna a gnbstance ap- 
pears ffreen — suppose — in consequence of its disposition to 
reflect green rays alone, the other prismatic colours of which 
the white solar light falling upon it is composed, being stifled 
ot absorbed by it. 

In forming bis theory of the composition of coloure, ' 
Mayer regarded all eoiours as resulting from the combination ' 
of three, primary colours, — red, yellow and blue. And he gaw 
as results of his experiments the different proportions in whit.ii 
these colours entered into combination to produce others. 
Dr Young aaaumed red, green and violet as primary coloois, 
and states that white light is composed of these complemenfary 
colours in the proportions of two parts of red, four of green, 
and one of violet. Sir D. Brewster regards red, yellow and 
blue aa primary colours, a certain portion of each existing at 
every pomt of the spectrum — the colour being determinea by 
the predominating colour at that point, mixed witU while 
Ught. 

See Dr Young's Lectures on Natural Philosophy; Tram. 
Roy. Soc. Edin. Vol. xii. ; Chevreul, Cercles Chromati^tiea. 
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IB in the axis of the eye. Over the back of the eye thei 

tends a black velvety substance, called the pigmentum nn 
perfectly incapable of reflecting light — and m this is embeddt 
a delicate tissue of nerves called the retina, which 
cate Tvith the brain by means of the optic nerve K. 

B\s & soft transparent jelly-like aubatance — called the cm- 1; 
taUine lens — in the form of a double convex lens having itt * 
axis coincident with A CD the axis of the eye, and held in its 
place by tendons springing &om the choroidea. The spaces 
between the cornea and the crvstalhne, and between tht 
crystalline and the retina, are filled with transparent flniJa, 
called respectively the aqueous and the vitreous liumoure. 
The refractive index of these humours out of air is nearly that 
of water : — the refractive index of the crystalUne is a little 
greater, 

188. To explain, the manner in which vision takes place. 

Let the axis of the eye be directed to a point of an object 
PQ. A pencil from any point P falls upon and is refracted 
by the cornea. Of this pencil a portion limited by the apei' 
ture GHh again refracted by the aqueous humour, the crys- 
talline lens and the vitreous humour, and is made to converge 
very nearly to a point p on the retina. The impression thus 
made on the retina is communicated to the brain and produces 
the sensation of vision of the point P. 

The spot K where the nerves of the retina pas 
through the coats of the eye, is insensible to vision — and from 
this cause is called the punctum ecEcum. The following simple 
experiment is given by Sir J. Herschel for shewing the 
existence of this point. " On a sheet of black paper or other 
dark ground place two white wafers having their centres thru 
inches distant. Vertically above that to the left hold the right 



eye at 12 inches from it, and so that when looking down on it 
the line joining the two eyes shall be parallel to that joining 
the centre of the wafers. In this situation, closing the left eye 



and looking full with the right at the wafer perpendicularly 
below it, this only is seen, the other being completely invi- 
sible. But if removed ever so little from its placs, either right 
or left, above or below, it becomes immediately visible, and 
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«tarts a.s it were into existence. The distances heie set down 
:inay perliapa vary slightly in different eyes." 

190. The front part of the choroitlea surrounding the 
pnpi! ia called the uvea or iris, which is differently coloured in 
different individuals, and Ly an involantary action is capable 
of expanding or contracting the pupil within the limits of 
about "25 and "09 inches : — so as to admit a larger or smaller 
pencil of light as the object viewed is leas or more brilliant. 
Thia involuntary action may be observed by any one watching 
hia own eye as he walks towards a mirror, near which is 
placed a bright object — as a lamp for instance. The aperture 
of the pupil in the human eye is always circular — but in ani- 
mals of the cat kind the vertical diameter appears to remain 
invariable, the contraction taking place in a horizontal direc- 
tion, — in the eye of the horse, on tue contrary, the horizontal 
diameter of the pupil remains nearly constant, whilst it admits 
of contraction in a vertical direction. 

The eye is able to adapt itself automatically to objects at 
different distancea, ao as to make pencils of different degrees 
of divergency converge nearly to a point on the retina. 

That this focal adjustment of the eye for different distances 
is effected — in part at least — by a change of form of the crys- 
talline lens, — has been shewn by Prof, Helmholtz; — who by 
carefully observing the images of a bright object reflected at 
the anterior and posterior surfaces of this lens, found that as 
the eye adjusted itself for different distances these images im- 
derwent a change in form and position which could only be 
accounted for by a change of curvature of the surfaces of the 
lens : and thia is probably attended by a change of form in 
the cornea likewise. 

From the accurate measures which have been made it 
farther appears that the surface of the cornea is a prolate 
spheroid, and the anterior and posterior surfaces of the crya- 
talline lens are oblate spheroids : — the density also of this 
lens ia found to increase from the outside towards the centre, 
the tendency of which is to correct the aberration by shorten- 
ing the focal length for rays which pass near the centre. The 
forms of the several surfaces, as might be expected, vary in the 
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form with greater difficulty, according as the converted form 
is leas familiar and probable. 

193. It has sometimee been felt as a difficulty, that oV 
jects appear erect, although the image of them on the retina 
IS inverted. Erect and inverted are simply terms implying 
relative position, and as our optical knowledge of all external 
objects 18 derived from the picture of them on the retiiw, 
there is the same relative displacement of all objects as regards 
their disposition in space. Thus whilst the picture of men 
on the retina exhibits them with their heads downwards, at 
the same time heavy bodies appear to fall upwards. The 
mind forma an estimate of all the relative parts of the picture 
simultaneously, and its relation to external objects is judged 
of by experience and habit. 

As however a discussion of the phyaiology of vision is 
beyond our purpose, the student who wishes to pursue tiie 
subject may consult an interesting article on Binocular Vtsm 
in the Edinburgh Review for October, 1858, and the authorities 
there referred to. 

194. It may be Interesting to know the dimensions of 
the human eye, — they wiU of course vary in different indivi- 
duals, but the following are given as belonging to an eye cl 
average size for a person in middle life. The axis of the eye 
measured from the outer surface of the cornea to the retina 
= '95 inches, and the portion of this length occupied by the 
cornea ='04 of an inch, the aqueous humour = "11, ciyBtaHine 
lens = "17, vitreous humour = 'GS. 

Interior transverse diameter of the eye . 
Vertical chord of the cornea .... 
Horizontal chord of the eomea .... 
Chord of the crystalline lena . . . ■ 
Radius of external surface of cornea , . 
Kadius -of anterior surface of crystalline 
Radius of posterior surface of crystalline 

The centre of the eye for optica! pmTDOses is a point n 
in the centre of the pupil, in the plane of the iria. 
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The angle "between the axia of the eye and the line 
oining the centre of the punctum ctecura with the centre of 
he eye is about 14°, the breadth of the punctum csecnm ia 
ibout i inch, subtending an angle of 5° at the centre of the 
sye. 

By the revolution of the eve in its socket, its axis lias a 
-ange of about 65° in every direction about its mean poai- 
ion. 

The impression produced by light on the retina continues 
ibout ^ of a second after the light has ceased to act, so that 
f a bright object be whirled round in a, circle, the period of 
its gyration being less than this, it will appear as a continuous 
bright circle. With respect to the magnitude of the minimum 
viaibile, or apparent magnitude of the least visible object, it 
ia usually stated that an object is invisible to most eyes unless 
it subtends an angle of at least one minute. This however 
will vaiy for different eyes, and the brightness of the object 
moat materially influence the question, since we find that the 
fixed stars produce a distinct and vivid impression on the 
retina, although the angle which they subtend to the eye ia 
M) small as to be incapable of being measured by the best 
inatruments. 

The numerical results of this Article are taken from 
Lloyd's Treatise on Light and Vision. For more minute di- 
mensions of the different parts of the Eye, the student may 
:;onault Kollilter'a Manual of Human Histology. 

195. Defects of Vision. 

An eye which produces too great refraction of a pencil 
incident upon it brings pencils from distant points to conver- 
gence at points so far before the retina as to produce no dis- 
tinct impression upon it. This defect is called short sight. 

On the other hand, for an eye which cannot sufficiently 
refract a pencil, the least distance of distinct vision is greater 
than eight inches, pencils from points within this least dis- 
tance being brought to convergence behind the retina. This 
is hng sight. 
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196. Vision tlirongh optical contrivances depends 

feet that if a pencil diverging from a given point fall 

eye, it is immaterial whether that point be an actual ,, 

of hght, or whether the raya have been made to convere? 

it and afterwards to diverge. An image therefore is v'^ 

in the same manner as a luminous object in the same 

tion would be, with this limitation, — that from any point 

luminous object rays diverge in all directions, bat from 

point of an image rays diverge only in directions correi 

ing to the directions of those raya which form that pomt in 
the image. 

In general explanations of vision through optical instni- 
raents, spherical aberration may from its emallneas be disre- 
garded. Pencils may be considered after reflexion or lefrafr 
tion to converge to or diverge from a point, and an excewfria! 
pencil may be supposed to have the same point of divergence 
or convergence as the centrical pencil from the same origin. 

Fturther, when an object ia at such a distance as to te 
conveniently seen, the pencil received by the eye' from any 
point of it will fix)m its emallneas have a very small degree of 
divergence, — so small that for the purpose of general descrip- 
tion of an inatrument we shall regard the pencils which 
emerge from the eye-glasa to consist of parallel rays. 

The slight adjustment requisite to give distinct vision of 
the image must lie performed by each observer for himself. 

197. Viahn through a lens. 

Let PQ be a small luminous object, the centre of a 
lens whose axis is CQ, E the centre of the pupil of an e^ 
whose axis coincides with the axis of the lens. A pencil of 




■S! 



w 

iverging from a point P of PQ falls upon the lens, and 
(fraction may be considered aa diverging from some 
in CP, or in CP produced, or as converging to some 
in PC produced. Thua^j an image of PQ la formed. 




jr be not less than the least distance of distinct viaion of 
lye, then of the pencil diverging from p, the pupU aelects 
rtion prs which has been refracted excentrically through 
ens, and by this pencil the point p is visible. Thus the 
;e pq will be aeen by the eye. 

'OB. If PQ be very near to the principal focua of the 
so that the image j^j may be very diatant, the excentrical 
il^^by which the point p is seen may be considered to 
:at of rays parallel to pC. {Compare Art. 115.) 
98. To find an expression jvr the visual angle under 
h a small object is seen through a lens. 
jet EC be the axis of the lens, 
Le eye, PQ the object, 
;e, EG=x, CQ = u, P( 
= d, f^ focal length 
£pE(i = :f>, 4 PEQ ^a = a.-ng\e. 
h PQ aubtenda at the eye. 
f. o. VL 



the lens, 

h of tfi 1 4 jf \f 

fT = an 0-1 p ™ 
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)ef1NITION. "VVlien an oliject is seen through a lens the 
lifying power of the lens is the ratio of the angle whicli 
mage snoteiida at the eye — to the angle which the object 
d subtend at the eye if it were in the position of the 
e and viewed directly. 

'Hub mode of estimating magnifying power la equivalent 
mparing the linear magnitudes of the image and object. 

00. To find ike •magnifyxwj power of a lens for given 
ions of the object and eye with respect to the lens. 

!'he object being supposed small the angle which pq 

;nds at the eye = ^ , and FQ 

ed at distance Eg would sub- ^^ 

an angle = -tt- ■ If then m -i-' 

te the magnifying power of 
.ens, 

^-M __^-- But ^ - =!■----»-!- 

.-. J« = l --^. -- / - ^ 

L ' . 

bl. To examine the values of m UTider different circum- 



n the figure of last Article 

1) K/be positive — or the lens concave — Cq is positive 
the image erect. Also Cq is <f, therefore m is < 1, or 
mage is iiminished with respect to the object. 

ii) If/be negative — or the lens convex — Cq is positive 
gative, and the image erect or inverted, according as CQ 
m or greater than the focal length of the lena without 
hce to sign. 
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GALILEO 8 TELESCOPE. 



be tKe focal lengths and half-breadths of the 

iss and eye-glass reapectively. 

1 Ab cutting 71^ in^ — throagh^ draw a line parallel to 
en these two lines with the intercepted portions of the 
—(treated as straight lines), — will give us two similar 
-"iaagles, whence we have 



therefore p-- ^'"'.'-^'"' , 



207. OaUleo's Teksco^e. 

? is a convex lens called the object-glass, fixed in a. 
, and acb a concave lens called tlie eye-glass, fixed in 




r tube, which slides in the former, — the common axis 
of the tubes being the common axis of the lenses. The focal 
length of the object-glass is numerically greater than that of 
the eye-glass, and when the instrument is adjusted for viewing 
very distant objects, the distance between C, c the centres of 
the lenses, is the difference of the focal lengths. , 

_ If the axis of the Telescope be directed to a point (2 of an 
object PQ, which is so distant that a -pencvV mdAKiA (so.'itsa 



GALILEO 3 TELESCOPE. 

objeet-glaaa from any point of it may "be considered to conairt 
of parallel rays, the pencil from a point P after refractiia 
through the object-glaaa converges very nearly to a point j( in 
- P(7 produced, — Cv being equal to the focal length of the ob- 
ject-glaaa — and thus pq an inverted image of PQ would h 
formed. Of the pencil converging to any point ^ of lliii 
image, the eye-glasa (which ia about the size of the pupil of 
the eye) selectB the portion prs which has been refractei 
excentrtcally at the object-glass, — and since by the adjustmeirt 
of the instrument py is at the principal focus of the eye-glaai, 
this portion of the pencil after cetUrical refraction throi^li 
the eye-glass conaiata of raya parallel to cp, and suitable fia 
giving diatinct vision of the image of p formed by the eye- 
glasa to an eye applied to the eye-glaas. 

Thna an erect image of PQ is seen through the Telescope 
— since the raya from the extremities of the object have Wt 
crossed each other before entering the eye. 

208. Field of View of a GalOean Telescope. 

If P, be a point in the object snch that the ray P^A of a 
pencil from it ia refracted in the line Aa, which joins com- 
spondirvQ parts of the object-glass and eye-glass, then of the 
pencil from this point, or from any point nearer to Q, a por- 
tion falls upon the eye-glass sufficient to fill it. Again if P. 
be a point m the object such that the ray P^A of the pencil 
fi^m it is refracted in the line Ah, which joins c^osite parts 
of the object-glass and eye-glass, then of fliis pencil this ray 
aione falls upon the eye-glass and is refr-acted to the eye. Of 
a pencil from a point between P, and Pj the portion which 
reaches the eye partially fills the eye-glass, and ia less and lesa 
as the point la more distant from Q ; also, no ray of a pencil 
from a point more distant from Q than P, is refracted by the 
eye-glaas. Hence there will be a ragged edge to the field of 
view, which in this Telescope ia incurable — because the image 
formed by the object-glasa la virtual, and therefore cannot he 
limited by a stop. 

Ohs. The vision through the telescope will be 
tinct when the refraction through the eye-glass is centrical, 
hence the size of the eye-glass ought to be nearly ' 



N 



most ^i^^l 
rical,asl^^ 
the BW^H 



t of the popil of the eye : — if it be much larger and the 

B be not applied at its centre, the refraction through it will 

lical, and the distortion and chromatic dispersion 



Def. When an object is viewed by a telescope the 

ifying power of the. telescope is estimated by the ratio 
angle which the image seen subtends at the eye to the 
which the object would subtend at the eye if viewed 



To find the magmfying power of the Astronomical 
of Galileo's Telescope. 




MAGNIFTING POWERS. 



Since the point p of the image pq (figs. Arts. 204, 207) is 
1 by a pencQ whose axis after refraction through the eye- 
is is parallel tope, and the point y by a pencil whose axis 
\gp, the image of PQ subtends at the eye an angle »cff. And 
'3 would subtend at the eye an angle Pc Q, — or PC/Q since 
B object is very distant 



magniiying power = 



<: pcq _ pcq 

tan vcQ . , , 

^T^^ approximately, 

_ focal len,gth of the object-glass 
focal length of the eye-glass 

Ohs. This result gives approximately the magnifying 
power at any point of the field of view : — though it is stnctly 
true near the centre of the field of view only. 

Further, the instruments are supposed to be in adjustment, 
so that any pencil from a very distant point emerges from the 
eye-glass as a pencil of parallel rays : practicallg the eye-glasa 
must be pushed in a little, in the case of either teleacopej to 
suit a short-sighted eye, — so that from this cause the magnify- 
ing power will be slightly different for diffeie^it obwCTftta. 




FIELD OF VIEW. 187 

212. Field of View of Newton's Telescope. 

If P, be a point in the object such that the ray of a pencil 

im it which, after reflexion at A CB, is incident on the small 

/"*■*. iror at D, is reflected by DF in Db the line joining op- 

~ '^Osite parts of the small mirror and eye-glaas, then of a pencil 

^*X5m 1\ — or from any point of the ohject nearer to Q thaa 

"^^ — every ray which falls on the small mirror ia refracted by 

=-^l»e eye-glass to the eye. Again if P, be a point in the object 

^Xich that the ray of a pencil from it which is incident on the 

~ ^*Ball mirror at Pis reflected in Fh the line joining corre- 

^ jMnding parts of the mirror and eye-glaas, then of the pencil 

ft*om P, this ray alone reaches the eye. Points between P^ 

^■nd P, appear more and more faint the farther they are iioia 

^, — and points at a greater distance from Q than P, is are 

** visible. 



f\ the large mirror : pq is similar and equal to p'c[. Now pq 
btends through the eye-glass the angle ^, and PQ sub- 



213. Magnifying power of Newton's Telescope. 

IJet p'5' (fig. Art. 211) be the virtual image oi PQ formed 



3 to the naked eye the angle POQ or -~y^ . 
Hence 



ing power 



^pq^Oq_ 
cq ' p4 

-91 



focal length of large reflector 
focal length of eye-glass 

Jalote. The form of the small mirror must be an ellipse 
in order that it may intercept as little of 
the incident light as posaibie, and just 
reflect all the light incident upon the 
carved mirror, A rectangular prism of 
glass is sometimes nsed instead of a 
plane mirror; the passage of a pencil 
through it is indicated in the fignire. 
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Howpq viewed by the eye-glaes HubtendB the 
aind PQ viewed by the naked eye aubteBds the 
OrpCq; 

.-. magnifying power = ^^ = -^ 

■ focal length of mirror 

P ~ focal length of eye-glass ' 

216. The principle of Herschel's Telescope is the same 
as that of Newton's — the only object of the plane reflector in 
the latter being to tlirow the image unaltered in form into 
another position where it may be more conveniently viewed. 
The speculum in Herschel'a Telescope is designedly of large 
aperture, so that when a faint star is observed a pencil suffi- 
ciently large to make it visible may be received by the spe- 
culum and reflected to the eye. 

The advantage of -Herschel's construction over Newton's 
arises from there being no part of the incident pencils stopped 
by the back of the small mirror, and no loss of light from a 
second reflexion. 

The ragged edge of the field of view in Herschel's Tele- 
scope may be remedied by a stop placed at the principal focus 
of the eye-glass — and the angular diameter of the field of 
view will be the angle which the aperture of the stop subtends 
at the centre of the face of the apecnlum— or approximately, 
the angle which the breadth of the eye-glass subtends at the 
same point. 

A similar method of suppressing the ragged edge and 
estimating the field of view, will apply to Newton's Telescope. 

217. Gregory's Telescope. 

ACB, DEF are two concave spherical reflectors, or spe- 
cula, with a common axis CE, which is the axis of a tube at 
the extremity of which ACB is placed, — this mirror being 
much larger than DEF and of larger radius. The concavities 
of the mirrors are turned towards one another, and the prin- 
cipal focus of ACB is between the centre 0' and principal 
focus / of DEF. In a tube which is fixed in an. a^itosa ■<*, 




If the axis of tlie reflectors te directed to a point Q oii 
very distant object PQ, a pencil from any point of it P afta 
reflexion at A OB converges veiT nearly to a point p in the 
straight line produced which joins P with the centre of 
A CB, and thus pq a real inverted image of PQ is formed at 
the principal focus of AGB. Since this image is between 
the centre and principal focus of DEF, a pencil diverging 
from any point p after excentrical reflexion at DEF couverga 
to a point p' in the straight line produced which joins p with 
0\ the centre o^ DEF {Art, 115), and thus »'/ *"* erect image 
of PQ is formed. This image heing at the principal focna 
of the eye-glass is in a suitable position for being distinctly 
seen thi-ough the eye-glass, — and thus an erect image is seen 
through the telescope. 

Ohs. In Gregory's and Cassegrain's telescopes the ad- 
justment for difi'ercnt eyes is performed by shifting the small 
mirror by means of a screw, as is shewn in the figure, — in each 
of the other telescopes, it ia performed by moving the eye- 
glass backward or forward. 

218. Cassegrain's Telescope. 

ACB is a concave and DEF & convex spherical reflector 



with a common axis CE, which is the axis of a tube at one 
extremity of which A GB is placed. The mirror A CB, which 
is much larger and of greater radius than DEF, has its con- 
cavity turned towards the convexity of DEF, and the prin- 
cipal focus of ABC is betwe<iii E and / the principal focus 
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if DEF, In a tabe whicli is fixed in an aperture at the 
entre of AGB is a convex eye-glass acb, the axis of the eye- 
'laas being that of the reflectors. 




If the axia of the reflectors be directed to a point § of a 
rery distant object PQ, a pencil from any point P, after re- 
lexion at ACB, converges very nearly to a pointy in the line 
which joins P with the centre of ACB, and then joy an 
inverted image of FQ would be formed at the principal focus 
jf ACB. Smce this image is between DEJF &iii ita principal 
focus, the pencil converging to any point p after excentncal 
reflexion at BEF converges to a point p in the straight line 
produced which joins 0' the centre of DBF with p, and p'y' 
in inverted image of PQ is formed. This image being at the 

Eincipal focus of the eye-glass is in a suitable position for 
ing distinctly seen through the eye-glass, and thus an in- 
oerted image is seen through the telescope. 

219. Magnifying power of Gregory's Telescope. 
Take the figure of Art. 217. 
Jj&t Cq = Oq = F\ „ ,, . -f large . 
Ef= af=f f = ^°*^"' ^^"Sths of I ^^^^ mn^or. 

»cq =f, = focal length of the eye-glass, numerically. 
qf= X = distance between the principal foci -of the 
two mirrors. 
Let Q be the point of the object to which the axis of the 
Telescope is directed, — the image of any other point P by 
reflexion at ACB is at p — and the image of p formed by re- 
flexion at DBF is at p' — the straight line pp' passing tbiough 
C the centre of BEF. 
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The portion PQ of the object would subtend at the ev' 
the angle POQ, and the image of PQ subtenda at the eye tin 
anglep'cq. Hence 

., . ^ peg tanwW . . , 

m = magaifying power = ^ j,qq = ^^ppg approximatelj', 

_ P'q' Oq _ Oq p'q' 
BntOq=Cq = F, cq-=f„ ^=%. 0'z=f-;c, 



pq Oq 

,111 

and -.■ -cr-. + -E^ = j, 

Eq hq f 





p 

■ 01 



Oi^iff^^ / 



, whence O'q 



J{.f~ 



ps.=i 

and m = —^ . 



Ohs, This expression ia strictly accurate at the centre of 
the field only, but may be taken as approximately true over 
the whole. 

Note. The expressions for mi in this article and the fol- 
lowing one are equally true for Cassegrain'a Telescope. 

As the adjustment of the Telescope for different eyes ifl 
effected by moving the small mirror by means of a tangent 
screw, the above expression is a very convenient one, amce 
it involves x, the variable quantity in the instrument, in « 
very simple form, 

220. An approximate expression for the magniiying 
power may be obtained independent oix. 

Since Oq is in general small compared with Oq, we will 
regard q as coincident with C, approximately. 



F'^f^-x^f^x-f 




I BPECULA FOE EEFLECTING TELESCOPES. 

bolic or slightly liyperbolic. The defects of the single eye- 
lens which are lessened by a compound eye-pleee aie the 
same as have been menticined in the Astronomical Telescope. 

226. In the Astronomical Telescope since the pencils 
pass centrically through the object-glass and excentrically 
through the eye-glasa, the ^eld of view depends only on the 
aperture of the eye-glass; — the aperture of the object-glass 
affecting only the brightness of the field. 

In Galileo's Telescope, on the contrary, where the refrac- 
tion through the object-glass is excentrical, the Jield of view 
depends upon the aperture of the object-glasa — and this is the 
leason why this telescope is not so generally used for astro- 
nomical purposes as for a perspective or opera-glass where 
small magnifying power is required. For with a high mag- 
nifying power, and a field of any considerable extent, the 
extreme pencils would be refracted by the object-glass at such 
a distance from its axis as to make their chromatic dispersion 
unpleasant and with difficnlty diminished. Moreover, the 
brightness of the field in Galileo's telescope is nearly the 
same as that of the object, for (fig. Art. 207), 

»the breadth of the visual pencil at the object-glass rs 
: its breadth at the eye-glass 
:: focal length of object-glass 
: focal length of eye-glass, 
i. e. in the ratio of the magnifying power to unity ; in other 
words, the quantity of light received by the eye from any 
small area of the object is greater than what would be received 
from the same area without the intervention of the instru- 
ment, in the same ratio that the area ia magnified — and there- 
fore its apparent brightness is unaffected. 

This telescope exhibits objects erect, — which is of great 
advantage for the purposes ibc which it is generally em- 
ployed. 

,227. ^ecula jor Bejlecting Telescopes. 
r-Tlie alloy used as a speculum metal is composed of 126*4 
Its of copper to 58'9 of tm — from which proportions however 
Ferent experimenters deviate more or less. 
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tut 0-q'=^^^^^^=^{f-x) (Art. 219); 

since z is Bmall compared witli F and/ 

(ii) If the field be limited by the small mirror — ^let the ray 
PC after reflexion at fell upon the edge of the small minor, 
then if the pencil which falls upon the ohject-miiror frmn 
any point nearer to Q thso P is, more than one-half retkcha 
the eye. 

If ^j = PCQ lie the angular radiue of the field of view the 
defined, we have 

COE. If the breadths of the eye-glass and small mirror 
are such that the field of view limited by them severally ia 
the same, then ^ = <^, and 

f-s. 



F+f F{F+a' 

._ f{F+f] f 
, F{F+f,) F' 



nearly, 



Blnce/t and/are Bmall compared ^tk F. 
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kadjuBtment which it costs some trouble to secure, and which 
Kveiy easily deranged ; it is alao readily affected hj a very 
Sght tremor of the stand of the telescope : — bat notwithstand- 
ing these disadyantages it is in great favour with many 
observers from its compactness and the convenience resulting 
from its shewing objects erect. 

The Casaegrain construction is not mnch used. 

229. A large telescope has generally a small field of view, 
amd there is often difiiculty in directing it to a proposed 
object: to diminish this, a small telescope, called a. finAer, 
of small power and large field of view is often attached 
externally to the tube of the large telescope ; the axes of the 
two being coincident. A considerable extent of space being 
thus within the field of the finder the instrnment can be 
moved till the object proposed coincides with the centre of the 
field of the finder — i. e. at the intersection of its cross-wirea — 
and it is then at the centre of the field of the large one. 

230. Olj&ct Glasses. 

The compound object-glass commonly used in a reflecting 
telescope consists of a lens of crown glass in contact with a 
lens of flint glass. The conditions which the combination has 
to fulfil are Uiat it shall be achromatic for given kinds of light 
— (see Art. 178)— and also aplanatio or free firom spherical 
aberration. (See Art, 132). 

Achromatic object-glares have alao been constructed of 
three lenses in contact, consisting of a concave lens of flint glass 
between two convex lenses of crown glass. The conditions of 
achromatism can thus be satisfied for njore species of light 
than in the former case: the forms of the lenses will be 
deternjined on principles similar to those just referred to. 
Such object-glasses are now not frequently employed in con- 
sequence of the difficulty of centering the lenses so tliat their 
axes may exactly coincide. Object-glasses of three lenses 
have occasionally been made in which the middle one con- 
sisted of some hquid, but they have been found not to be 
very durable in consequence of a chemical change in the 
liquid. 
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oqa rij find ihe d/s/anee A.^ ^ ^-^*^n 

LeteJISrrepiMeiitHe^ • "*»«!#!, 

of the a™ of the pencU,/, y ^ 
numerical focal lengths of' tJ-p 
lenses A, B, which we wi]j g^^ 
poeeconiifiaiones, j^=a. ^ m 

Then using fat «PFOximatiM, '^{L 

only, we have 1/^ 

deviation at i? = / ^XA r 

S-'XST^^gj.^ 

if thesebeeqnal, weget <5J]g^2 ^ ~'-fl-i4 
and the angles leing snail 'f'^' 

■■■BX=i.BT. ^'^'^SXB: 



FOSITITE AND NEGATIVE. 
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. BX=f.^, 



BT BX /;' 

BX=AX-AB=f^-a; 
.-. a =/, —fj the diatance required. 

The constraction adopted "by Huyghena in consistence 
rith this condition was an eye-piece of two convex lenses 
^ose focal lengtha are in the ratio of 3 i 1, the less powerful 
ha being placed as a /e?ii-glas3— i. e, nearest the object-glaas 
; the telescope— and the diatance between the lenaes being 
; difference of their focal lengtha. 

It is a remarkable coincidence — nndeaigned by the in- 
ator — that if the lensea be of the same material, this con- 
■QCtion ftdfila simultaneously the condition of achromatism 
f an excentrical pencil, viz. 

i(/,+/J (Art. 181). 

or negative — eye-piece is therefora 



The Huyghenian 
•JiTomatic. 



233. Vision through an Astronomical Telescope mith a, 
^uyghena' eye-^iece. 

Let ACB be the object-glaaa of an Astronomical Tele- 
scope directed to a very distant object PQ : DEF the first 




lens, or jield-glassi and ach the second lena, or eye-glasa, of a 
Huyghena' eye-piece, the focal length of DEF being three 
times that of adi, and the distance Eo being t\ie. iSSe.tea.a&, 
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or semi-Bum, of tbe focal lengths without reference to sign. 
A pencil from a point P of the object after refractioii through 
the object-glass would converge very nearly to a point p, Cp 
"being equal to the focal length of the object-glass, — but being 
excentrically refracted by the field-glass converges to a point 
p' in Ep, and thus p'q' an inverted image of PQ is formed. 
"The position of the eye-piece is auch tliat q is the bisection 
of Ec, and therefore this image is at the principal focus of 
the eye-glass. Hence a pencil from any point j>' of the image 
after eccentrical refraction at the eye-glass consists of ravs 
parallel to p'o, and suitable for giving distinct vision of tk 
image formed by the eye-glass to an eye applied to the eye- 
glass. Thus an inverted image of PQ is seen through tlit 
telescope. 

234. The compensation between the two lenses whicli 
renders Euyghens' eye-piece achromatic admits of a simple 
general explanation. 

The deviation of the axis of a pencil of light produced by 
a convex lens is greater the greater the distance from the 
axis of the lens at which the axis of the pencil ia refracted: 
for this axis is refracted in the same degree as it would be by 
a prism whose surfaces touch the lens at the points where the 
axis of the pencil is incident and emergent, and therefore the 
deviation is greater as the refracting angle of such priam a 
greater (Art. 92). Now when a pencil of light refracted by 
the object-glasa falls on the field-glass, it is separated by it 
into a series of coloured pencils whose axes follow difileieiit 
courses, — the deviation of the axis of the red pencil being 
least, and that of the violet greatest. The axes of the pen- 
cils do not cut the axis of the lenses between the lenses, and 
thus the axis of the red pencil falls on the eye-glass at the 
greatest distance from the axis of the eye-glass, and conse- 
quently is most refracted by it ; the axis of the violet falling 
nearest to the axis of the eye-glass ia least refracted by it. 
Thus the pencils from the same point in the object which 
are least and most refracted by the field-glass are respectively 
most and least refracted by tne eye-glaaa, and consequently, 
by a proper selection of the lenses, may be parallel when 
they enter the eye. 
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235. The position of tLe eye-piece is determined by the 
iditioa that a direct pencil after refraction through the 
id-glaas may have the principal focua of the eye-glass for 
geometrical focus — i. e. a direct pencil mcst at incidence on 
SF be converging to a point q such that after refraction 
rough DEF it converge to q, the principal focus of ad>, 
nee 5' must be the middle point of Ec, and Eq must there- 
■e (Art. 99) be equal to half the focal length of DEF, 01 
ree-fourths the distance Ec. 

The focal lengths and position of the lenses of a Huy- 
ens' eye-pieee be'ing determined, the forma ai the lensea 
; to be ciiosen with reference to the use of the telescope, 
le conditions for dimimshing distortion, indistinctnees, and 
rvature of the field being different, it is a matter of judg- 
mt which of these defects are most to be avoided. Accord- 
r to Mr Coddington {Optics, f{. v.) these defects will be 
viated as far as possible by making the field-glass a menia- 
t, having its radii in the ratio of 1 1 : 4 ; and the eye-glass 
mossed lens, the radii being as 1 ; 6, — the forms indicated in 
3 figure. 



236. Rainsdena Eye-j>iece. 

This eye-piece, sometimes called the positive eye-piece, is 
combination of two separated convex lenses, for the purpose 
diminishing the effects of spherical aberration — which can 

eifected better by two lenses than by one of equivalent 
wer, because more disposable quantities are thus introduced 
;o the calculations of the forms of the lenses. 

The lenses are taken of equal focal length, and the dis- 
ice between them is two-thirds of the focal length of either, 
-piece is not achromatic. 
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K8. In the description of the eye-piecea they have been 
-p^sed to be employed in an Astronomical Telescope. The 
ine eye-pieces are however employed with the Reflecting 
elescopea. In Galileo's telescope a single eye-lens is gene- 
lly used because tlie reiraction through it is centrical. The 
vestigations of the field of view will still be true in tele- 
opes with compound eye-pieces, If the field-glasa of the eye- 
ece be used in them instead of the eye-lena. The determi- 
Ltion of the magnifying powers will also hold good, if the 
aiple eye-lens be supposed such as will refract an excentrieal 
;ncil in parallel raya at the same inclination to the asia of 
e lenses as it has at emergence from the eye-glass {Art. 138) 
■i. e. if we substitute the equivalent lens for the eye-piece. 

On the theory of eye-pieces, ace Gninert, Optische Unter- 
chungen, TJieil ill., and two memoirs by Mr Airy in the 
imbridge Fhil. Trans. Vol. II. and III. 

239. Since the field of view of a telescope is of finite 
tent, it is necessary to have certain points in the field to 
lich an object observed for the purpose of measurement may 

referred. This is in general attained by fixing in the 
be of the telescope a set of fine parallel threads in a plane 
Tpendicular to the axis of the lenses, and one or more 
reads at right angles to this set, which if placed at one of 
e images formed by the telescope are, like that image, dia- 
ictly visible through the eye-glass. 

In Huyghens' Eye-piece the wires woidd be placed at the 
incipal focus of the eye-glass, and therefore would be dis- 
rted by excentrieal refraction through that lens alone; while 
e image seen would be distorted by excentrieal refraction 
rough the field-glass and eye-glass, and consequently in a 
fferent degree from the wires. In this case the position of 
ly point of the field would be estimated incorrectly by 
iemng it to the wires, and thus Huyghens' Eye-piece can 
;ver be used in a telescope intended for measuring. 

In Eamsden's Eye-piece the image given by the object- 
lass is formed in front of the field-glass, and at this image 
le wires are placed. The image and the wires are thus each 
jen by two excentrieal refractions, and aie theiafca dis^a-rtftA. 
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243. The Dynamometer above referred to (Art. 241), con* 
BiBts mainly of a slip of mothernDf-pearl with a scale of tentk 
of an inch engraved on it, on wliich the bright spot may bfl 
received bo that its diameter may be read oft' at once. V^hea 
greater accuracy is required, an eye-piece with a divided jkU- 
glass is employed, one half of this lens remaining fixed and 
giving a bright circular image of the object-glass in a permanent 
position — the other half lens can be moved by a screw trans- 
versely to the axis of the instrument, and the bright image 
formed by it is brought into contact with the other fixed image 
— firat on one side of it and then on the other : the difference of 
the readings of the gi'aduated head of the screw in these two 
positions affords a means of determining the diameter of the 
bright image. 

244. Microscopes. 

Some objects are so minute that when they are viewed }sj 
the naked eye at the least distance of distinct viaioa, the dis- 
tances of their parts subt«nd no appreciable angles, and there- 
fore cannot be discerned. In these cases it is advantageous to 
view an image of the object, instead of the object itself, — and 
an instrument for this purpose is called a microscope. 

Microscopes are called aimph or compound, according as a 
retd image of an object viewed by them ia not ox is formed. 



245. A single lens, or a sphere, forms a simple micn}- 
Bcope. 

K an object be placed nearer to a convex lens than ita 
principal focus, an erect and magnified image of it may be 
seen by an eye on the axis of the lens (Art. 201). 

Also if a small object 
PQ be placed nearer to the 
centre of a refracting sphere 
than its principal focus, a 
pencil diverging from a 
point P will after direct re- 
fraction through the sphere 
diverge very nearly from 
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sorae point » in CPproduced, ajiApq an erect image of PQ is 
thus formed. This image, if its distance from an e^e close to 
Ihe sphere be not less than the least distance of distmct vision, 
may be seen by the eye by direct pencils. 

The distinctness will be mnch improved, if the visual 
pencils be restricted to pass nearly through the centre of the 
sphere — which can be effected by filling up a groove a, I, leaving 
only a small circular opening at the centre of the sphere — the 
effect of spherical aberration will be thus almost entirely ob- 
viated. 

246. Since the minimum aberration for parallel rays is 
leas for substances of high refractive power, it is of great ad- 
rantage to construct lenses for this purpose of substances for 
which /J, is large ; — for example, there is much less aberration 
in a lens of zircon {/j. = 2) than in a lens of crown-glass. 
The diamond has a still higher refracting power than this, 
which combined with its low dispersive power makes it the 
most desirable substance to be used for this purpose. 

A simple microscope preferable to a single lens is com- 
posed of two convex lenses separated by a small distance on 
I common axis. If an object be placed nearer to the first 
leas than its principal focus, so that a virtual image of it 
nay be formed by each lens, the image 
brmed by the second lens will be distinctly 
leen by an eye whose axis is the axis of 
:he lenses, and whose distance from this . 
mage is not less than the least distance of 
iistinct vision. This is the principle of 
iYollaston's Microscopic Doublet. 

247. The covy)ound refracting microscope is an Astrono- 
nical Telescope adapted for viewing near objects. 

A CB is a convex lena called the object-glass, and ac& a 
ranvex lens called the eye-glass, fixed in a tube whose axis is 
he axis of the lenses. The distance of the centres of the 
enses admits of being altered for the purpose of adjustment. 

If the axis of the lenses be directed to a point Q in an 
ibject PQ which is farther from the object-glass than its 
inncipal focus, the pencil from a point P after refraction 
hrough the object-glass converges very nearly to a. ^vvvt ^ 

p. o. \^ 




MAGKIFYTITO POWEH OF A MICEOSCOPE. 

in PG prodnced, and thus pq an inverted image of FQ 
formed. The position of the eye-glass is such that t 
image is at its principal focus, and therefore the pencil & 
any pointy of the image consists after exceutrical refract 




through the eye-glass of rays parallel to pc, and suited 
give distinct vision to an eye appUed to the eye-glaas, a 
thus an inverted image of the object is seen through^ 
microscope. J 

248. Compound object-glasses and eye-pieces are^ 
monly employed for reasons siuiilar to those which rem 
them necessary in telescopes. 

For a ftill aecount of the microscopes of different make 
tiie mode of mounting and illuminating the object cnder i 
servation, &c,, and the recent development of microsco 
science, see The Microscope^ its History, Constructitm, c 
Applications, by Jabez Hogg ; also The Microscope . 
Revelations, by Dr Carpenter. 



249. Dpf. The magnifying power of a compom 
croscope may be estimated by the ratio of the angle whicn 
image seen subtends at the eye to the angle which the oW 
would subtend at the eye, if placed at the distance of disti 
vision and viewed directly. 

Thus if K= distance of distinct vision, 
GQ = u, f,F focal lengths of ^GB,ac6 without n 
sign, we have 

angle subtended by the image = — =-^ , 
angle whicli object would subtend at distance K=i 
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The Camera Ohscura, 
If in an aperture in the wall of a darkened room there be 
P^inserted a single convex lens, or a combination of lenaea of 
considerable negative focal length, a real image of external 
objects is formed at a distance &oiu the lens. If this image 
be received on a screen, either directly or after the direction 




of the pencils has been altered by reflexion at a plane mirrori 
an inverted picture of external objects is visible. 

The annexed diagram represents a box eonstroetcd on the 
same principle, the image formed by the lens being received 
after reflexion at a plane mirror, on a piece of oiled paper, or 
ground glass, from which extrajieous light is shaded by a lid 
which can move up and down, 

251. If an object be placed before a convex lens, or 
combination of lenses, at a distance a little greater than that 
of the principal focus, and be illuminated by the sun or a 
powerful artificial light, a real inverted and magnified image 
of the object is formed, and if received on a screen in a 
darkened room will be seen as a picture on the screen. 

This is the principle of the Solar Microscope and the 
Magic Lantern. 
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e prism, before and after refraction out of the priam, meet 
B sphere in P, Q, S, T, these radii being drawn in the di- 
Ttion opposite to that in which the light proceeds. 

Let great circles through I and these points meet the circle 
BCD m p, q, s, t respectively. Produce DI to B' and join 
I, Iiy.- Draw the great circles A QF, JD'ST, and also the 

reat circle Ir through the direction of the axis of the pencil 

Vr one reflexion. Then 

g + Br^-jr, Or Aq + Ar = ~ 



Cr + Ca^v, or D-a + Ar = ~; 
.: Aq = D's. 
Also IQ = 18, {Art. 78) ; .-. ^ QAI= t 8D'I, 
ain TD' _ _ sin PA 

jberefore the triangles IPA, ITD' are eqnal In all respects ; 
.-. IT=IP. (i), 

•■■ ^TIP=l (ii). 

From ffl it appears that the axis of a pencil refracted 
and reflected by the prism of a Camera Lucida has at inci- 
dence and emergence the same inclination to any edge of the 
prism, and from (ii) it appears that planes parallel to the 
ed^es of the prism drawn through the axis of the pencil at 
incidence and emergence are perpendicular to each other. The 
effect of the priam therefore is merely to tnm through 90" — ■ 
about an axis parallel to the edge of the priam — the plane of 
the axis of any pencil, whilst in this plane the axis preserves 
the sauie direction as before relatively to the same edge, 

Hence the picture seen on the screen pq is the same aa the 



i: 



{irojection of the object PQ (fig. Art. 252) upon a plane paral- 
elto '" 



oAB. 
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Also a and S being small, we have approximatelj 
o = — a tan - , 

the required correction to the reading of the limb. 

If n be the number of seconda in the angle a, the cor- 
rection in aeconda = — n* . ain 1". tan - . 

257. T/ie Rejlecting Goniometer. 

The goniometer ia an inafmraent for measuring the angle 
between two plane faces of a cryatal, and conaiata of a circle 
of metal turning about an axis perpendicular to ita plane. 
The rim of the circle ia graduated, and is read by a pair of 
verniers in opposite positions. Let the cryatal be attacneJto 
the circle, ao that the plane of the latter ia perpendicular to 
the intersection of the faces of the former whose inclination 
is required. Bring the circle into such a position tJiat the 
image of a weil-&fined atraight line perpendicular to the 
plane of the circle formed by reflexion at one of the faces of 
the crystal coincides with another well-defined atraight line 
which ia acen directly, and read the verniers ; — window-bars 
will answer the purpose of these atraight lines very well. 
Turn the circle until a similar coincidence ia made between 
the same straight line seen directly, and the image of the 
other formed by reflexion at the other face of the costal, and 
read the verniers again. The aemi-aum of the diflerences of 
the two readings of each vernier is the angle through which 
the circle has been turned, and is equal to the angle between 
the normals to the two facea of the crystal and supplemental 
to the inclination of the two faces. 

For a ftill description of the construction and use of tbis 
valuable instrument, which was invented by Dr Wollaston, aee 
the article Crystallography in the Encyclop. Metrop. 



CHAPTER XI. 

OP THE HAINBOW, &C. 



258. If a pencil of light be refracted into a sphere, when 
t is incident on the interior surface of the sphere, a portion 
if it emerges and another portion is intenially reflected ; this 
atter portion being again incident on the interior surface is 
artiany reflected and partially refracted ; and so on coa- 
inually, 

The intensity of light in the pencils which thus auccea- 
Ively emerge rapidly uecreaaes. 

259, Let C be the centre of a sphere of water, tbe re- 




ractive index of which out of air for rays of mean refrangi- 

>ility ia I*335, or - nearly. Let a pencil of parallel raya of 

lomogeneoua light whose axis is in direction AG hQ incident 
iirectly on the sphere. 

Take Cy. = 3^ (7, Cq,= lAC, Cq, = AC, {Aits.29,2i), 

hen q, q^ q^ are the geometrical foci of the pencil when re- 
racted into the sphere, reflected at the internal surface and 
imergent from the sphere respectively. 
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Again, if we take 
Cq, = 3AC, Cq, = lAC. Cq^ = ^AC, Cq^=l.AC, 




] 



the points JiJiJ^ being respectively on the side of C indicated 
in the figure. Tnen y, y, y, y, are the geometrical foci of the 
pencil, when first refracted, once reflected, twice rBflecled, anJ I 
emergent after two internal reflexiona respectively. 

260. Suppose a system of parallel rays incident on » rt 




fracting sphere — as a rain-drop — and emergent after one m- ' 
temal reflexion. 

Let pqrse be the course of one of these rays incident parallel 
to the diameter P^ t?/, and passing in a plane which contains 
C the centre of the sphere, and let us for the present confine 
our attention to rays which pass In this plane. 

Let 1^ tfi' be the angles of incidence and refraction 
at J, 6 = arc Ir, i. e, the angle which Ir subtends at C, 
■<jr = As; produce es backward to meet j)q produced in t, then 
tetv = D = deviation of the ray pq, 

T^ow the deviation at each of the refractions at q and s 
is ^ — <f>', and at the reflexion at r is x — 2<f)\ and these 
deviations are all in the same diiection ; 



. iJ = 2(<^-f)+Tr- 



2(0-20'). 



J 



IN A 8PHERB. - 

In order to examine whether D admits of a maximum c 
minimum for different valuea of <^, we have, 

lentembering that sin = /t sin 0', and .•, 

09 \ «9 / V fi cos ({} J 

Cl^' fiCOB^ [ \fi COS / J 

Let 0, be the value of if> which makes - 
then 2 cos 0, = /* cos ^ 
and sin 0, = /( sin 
whence sin 0, = . /[ — -^ ] . 



Now cos tfi is > cos 0, and .■, 



CO3 



i.e. i? is a minimum when 0=0i, and there is only this 
one value of for rays incident on the same side otPA which 
. makes D a minimum. 

Hence, considering rays iacident parallel to PA, as in- 
creases from up to — , the corresponding deviation dimi- 
nishes from -TT, when = 

to TT - 2 (20/ - 0J when 0, = sin"' A/f^^) 7 

and afterwards increases from this value up to 27r — 4 sin"' - 
as increases from 0^ up to - . 
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.d this value of ^ renders -rX negative, or -^ ^maximum; 

lience as ^ increases from op to ^„, ■^ increases up to a 
Tuaximuin and then diminishes as ^ goes on increasing 

from ^„ up to - . 

It is easily seen that <^„ is > 0j. 



261. From the preceding discussion we draw the follow- 
ing inferences. 

lipqrse be the ray which passes with minimum deviation, 
then a smaU pencil incident at q has r for its primary focus 




after refraction, and emerges at s as a pencil of parallel rays 
in some direction se. 

As A increases continuously from up to <^, , ^f- increases 
and D diminishes continuously, i. e. the rays incident on the 
arc Ag emerge from the arc .4a in a state ol dinergi 
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its axis after being refracted into the sphere and once inter- 
nally reflected, may emerge in a divergent state in the dii-ec- 
tion tE (Art. 2S1) and fill the pupil of an eve E, creating the 
sensation of a bright point in the sky in tne direction Et of 
the species of light which is considered. 

Through E draw EB parallel to pq, then since the de- 
viation of pq — and consequently the angle tEB — depends 
merely on the angle of incidence of pq, and since all rays 
from the sun may be considered parallel, therefore all drops 
of rain whose centres lie in a conical surface of which EB is 
the axis and tEB the semi-vertical angle, will transmit to the 
eye a similar pencil of divergent rays. A drop of rain at less 
angular distance from EB than A will transmit to the eye a 
small pencil with greater deviation and greater divergence 
than TE, and therefore producing the sensation of a less 
bright point in the sky, — and the divergence of pencils which 
reach the eye at a greater angular distance from EB than A 
is less than that of the pencil tE, until wlien the deviation is 
a minimum, the pencil is nearly one of parallel rays, and the 
impression produced by it on the eye is greater than that of 
any other pencil. 

The impression therefore to the eye produced by pencils 
transmitted in the way supposed from the drops of rain in 
a distant shower, — the observer being between tne sun and the 
shower, — would be an illuminated sky of the colour of light, 
which has been considered, the brightness being greater at 
greater distances from the line EB, until it is bounded by 
a circle whose centre is in EB, — beyond which there is no 
colour, and comparative darkness. 

For each species of sun-light this would be the appearance, 
the bounding circles for different species differing slightly in 
position, since the amount of minimum deviation depends upon 
tbe refractive index of the light (Art. 260). The result of 
superposing these illuminations of differant colours will be 
white light within a certain distance of the line EB termi- 
nated by a narrow circular band of vivid prismatic colours 
arranged in concentric circles about the line EB. Beyond 
this band there is no illumination of the sky by pencils trans- 
mitted, to the eye in the mEmner now considered, and.it will 
appear comparatively dark. 
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Further, considering the finite extent of the sni 
bands of colour such aa have been described resnitingj 
pencils proceeding from the several points of the sun, i 
overlap each other, — the breadth of the band will be increl 
by the snn's apparent angular diameter, and the colours | 
be more or less mixed; but the extreme colours of the resuT 
band will be unchanged. 

This phenomenon produced by pencils which have I 
once internally reflected in the rain-drops is called the J 
mart/ Raiithow. 

263. Some writers suppose that the pencils received by 
the eye in a state of divergence, — those namely which emerge 
through the arc As in Art. 261 — are too faint to produce any 
sensible impression on the eye, and that only thoae pencils 
which pass with minimum deviation, and so enter the eye in 
a state of parallelism, give a sufficiently vivid sensation. This 
supposition affords the same explanation, as above, of the 
rings of prismatic colours which constitute the rainbow, but it 
leaves out of consideration as insensible the faint illumination 
of which in the previous article we have supposed the bow to 
be the boundary — which being of a neutral tint is not veiy 
striking. 

Since, however, no rays can reach the eye from drops 
outside the bow, except such as have been reflected from theu 
surfaces, whilst from drops within the bow the eye receives 
rays which have been internally reflected as well as rays re- 
flected from the external surfaces of the drops, we have ad 
explanation why the space within the bow must appear 
bnghter than the space without it. 

The fact that the rain-drops are in falling motion does not 
interfere with the phenomena, — the place of a falling drop being 
immediately supplied by another yielding the same tind of 
pencil of transmitted rays. 

264. Again, suppose a system of parallel rays Incident 
on a refracting sphere, as a rain-drop, and emergent after tm 
internal reflections. 

Let pqrste be the course of one of these rays incident 
pRiaWe} to the diameter PA CI^ and passing in a plane whii 
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325 



mtains G the centre of the sphere, considering only rays 
'hich pass in this plane. 




Let ^, ff> be the angles of incidence and refraction at j, 
-^ = arc IqAt, ^Ir^ © = /«, 

hen exterior angle qve = -D = deviation of the iBjpq, and we 
ihall have 

i> = 2 (^- ^') + 2 (tt- 2^') =27r + 2 {(f> - S<f>') ; 

.-. ^ = 2(^1-3 S21^] 
* * d(l> \ fi cos ff>) ' 

d^D _ 6sin<^ ( / cos<^ yi 
d<f? ~ /A cos ^' I \/A cos <^ 7 J " 

If ^1 be the value of ^ which makes -,t = 0, 

then 3 cos ^^ = /^ cos <^/, 
and sin ^j = /L6 sin ^/, 



whence sin ^^ = A/f-g"^) > 



lis value of ^ renders ^-n positive, and therefore D a miW- 

lunii and there is only tnis one value of ^, for rays incident 
n the same side of PAj which makes D a minimum. 
p. o. \^ 
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long 2^ = T 5?*,— that between the two reflesiona the rays are 
arallel, and that after the second reflexion the primary focus 
J at a distance from t along ts = -ts. 

266. From the preceding discuagion we draw the follow- 
Qg inferences. 

K pgrsie be the r&j which passes with minimum devia- 
ion, then a small pencil of which 1)5' is the axis, emerges as a 
'enal of parallel rajs, of which te 13 the axis. As ^ increases 




mtinuously from up to 0^, if- increases and D diminishes 
mtinuouBly, i. e. the rays incident on the arc Aq emerge from 
le arc IqAt in a state of divergence. 
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Ifj^be the extreme incident ray, — for wtich ^ = 5-1 — hiI 

we take the arc JqAlk eqoal to tte maxinnmi valae of i^, Aen 
the rays incident on the arc qg emerge throngh the are ik after 
two internal reflexions, and these emergent raya (as in the case 
of Art. 2G1) form by their consecutiTe intersections a caostic 
curve of which te is an asymptote, — ^this line being also an 
asymptote to the virtual caustic formed by the rays emergenl 
along IqAt, produced backward. 

267. The Secondary Bainhow. 

The space above the primary rainbow, as we have aeea 
(Art. 263), seems darker than the rest; beyond this spats 
appears a broader bat fainter rainbow the colours of wnich 
are in reverse order to those in the primary : — the origin of 
this secondary bow can be explained by pencils which enter 
the eye after having been twice internally reflected in ti« 
felling rain-drops. 

If pqralE be the axis of a small pencil which emerges 
in a state of divergence after 
two internal reflexions,— this 
may enter an eye properly si- 
tuated and give the impression 
of a faint illumination in the 
direction Et. The deviation of 
pqrstE is the exterior angle 
qvE, which is greater and there- 
fore the divergence of the pen- 
cil is greater at greater angu- 
lar distances from EB. By 
reasoning similar to that in 
Art, 262, we infer that there will be a faint white light beyond 
a certain distance from EB bounded by a narrow eireular batd 
of vivid colours within which there is no light received ly 
the eye in the manner here supposed, — and which will there- 
fore appear comparatively dark. This phenomenon is called 
the Secondary Bainhow. I 

268. The theoretical existence of rainbows catised hy 
Qcils which have been tb.iee ot laoYe, times internally re- 
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ected may be similarly shewii, but the rapid decrease in tlie 
itenaity of light in the emergent pencils renders such rain- 
bows with very few exceptions invisible. 

In the explanation of the formation of a rainbow the sun 
ras, in the first instance, considered a point. To eyeir point 
f the Bun's disc which is of finite extent there will be a 
orrespondine rainbow, as was before noticed, and the visible 
ainbow resulting from the superposition of these will have 
Is colours in some degree confused, but its general appearance 
rill be such as has been described. 

269, Def. In any rainbow the semi-vertical angle of 
cone of rain-dropa which transmit to the eye pencils of 

arallel rays of a given colour, is the radius of tlie how for 
lat colour. 

Def. In any rainbow the angular elevation above the 
orizon of the highest rain-drop which transmits to the eye a 
encil of parallel rays of a given colour is the altitude of the 
7W for that colour. 

Hence the altitude of any colour in a rainbow added to 
le altitude of the sun's centre is equal to the radius of 
le bow for the same colour. If the sun's altitude exceed the 
idius of the bow, the bow will be below the horizon and 
lierefore invisible. 

If D, be the minimum deviation of light of a given kind 
fter one internal reflexion, a, the altitude of the correspond- 
ng coloiir in the primary how, A the altitude of the sun's 
entre, then 

i>, + a-|-^ = I80". 

If 2*, be the corresponding deviation in the secondary how 
or the colour whose altitude therein is a, and A the same as 
)efore, then 

D,-a-A = 180°. 

270. To investigate the order of the colours in tie primartf 
ind eecondary rainbow. 

Let the jiyis of a pencil of sun-light whose refractive 
ndex is /t be incident on a rain-drop at an angle ^ and e.v'o.fttigi 
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pound light is considered there will be in addition 
ndptl bow a aeries of interior bows decareasing in 
— to these the name of ^^rims or sitgpenmmmw^ 
ven. 

r three of the ^nrions bows of the primaiy rainbow 
times be seen in natme. The lesiuts of theoij on 
:t have been tested by measurement, bj allowing a 
[X)lnmn of water to ran firom a vessel, and receiving 
icope artificial light which has been interaallj le- 
this column. {Cambridge FhHasopAioal 2Vtuiaiiclibii;t, 

1 explanation of other optical phenomena in the 
e, such as Halos, Parheba, &c the student may 
r Young's Lectures, or Moigno, OpHoMe J/bcferiM, 



7. A pencil of parallel rays is incident directly upon a 
^J}hericai refracting surfaee, and after refraction converges to a 
^l>«int at a distance from the surface equal to three times the 
*^«diaa — find the index of refraction (i) when the surface is 
<i«ncave, (ii) when it is convex. 

8. If a luminous point be seen after reflexion at a plane 
xnirror by an eye in a given position, there is a certain space 
■^vithin which the image of the point can never be situated, 
liowever the position of the plane mirror be changed, — find 
this space. 

9. A speck within a solid glass cube ia viewed directly 
through eaca face in succession ; prove that the six images 
"Will form the angular points of an octahedron, not generally 
regular but having all its diagonals equal. 

Also compare the volume of the octahedron with that of 
"the cube. 

10. A bright point on a glass plate is viewed by an eye 
close to the plate, and at a given distance from the point ; find 
the direction in which the w"" image is seen after successive 
reflexions within the plate. 

11. If the direction of a ray proceeding from a point P on 
the circumference of a circle, after refraction at the curve pass 
through a point on the circumference at an angular dista,nce 

— from P, find the point of incidence ; — ^/3 being the refract- 
ing index. 

12. A small object is placed in one focus of a prolate 
spheroid of glass, which is silvered at one of its poles ; an eye 
l>eing placed near the other pole, views the object directly, and 
by reflexion : if Uj , r, be the distances of the images seen from 
the eye, shew that 

I 1 _ 4 

i\ f J latus rectum " 
Shew further that only one image will be seen if /*e > 1,— 
and supposing ^e < 1 compare the magnitudes of the images. 

13. A luminous point is placed at the focus of a prolate 
spheroid, the index of refraction from whicli ffi-to ttvt \% ^-^i^iaL 
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E20. At the centre of one end of a glass cylinder a tlack 
t is marked, shew tiat to an eye at the centre of the other 
J» end a number {n) of rings will be visible, — where n is the 

greatest integer in - — . ;_,. , h being the length of the 

cylinder and a its radius. 

21. A luminous point is placed within a reflecting sphere, 
and the light which falls directly upon the most distant point 
of the surface is repeatedly reflected. Shew that the distances 
of the geometrical foci from the centre decrease in harmonic 
progression. 

22. An eye ia placed close to the surface of a sphere of 
glass {fi — Vi which is silvered at the back; shew that the 
image which the eye sees of itself is three-fifths of the natui'al 
size. 

23. A room has its walls covered by mirrors, shew that 
a man may see himself by reflexion at four of the walls, if he 
look in a direction parallel to either diagonal. 

In what direction must he look in order to see himself 
after reflexion at three of the walls ? 



24. A person whose height is h, observes vertically be- 
neath his eye, an object at the bottom of a clear poo! : he then 
lemoves to a distance d, keeping his eye on the object, when 
his line of vision makes 45° with the surface ; shew that if 
/i' = 2'5, the depth of the pool =2 {d—h). 

25. In one. side of a triangle, the interior of which is 
capable of reflecting light, there are two holes ; determine by 
a construction the position of a point from which rays may 
enter so as each to pass out after one reflexion. 

26. A bright point is moved abont an ellipse whose focus 
coincides with the centre of a reflecting sphere, of such a mag- 
nitude that the directrix corresponding to the focus meets the 
sphere. Prove that the positions for which the geometrical 
focus of the point is a point in the same ellipse, are those in 
which the ellipse is cut oy the diameters of the sphere which 
are drawn to tue points where the directrix meets it. 
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33. A laminous point is in the centre of an equilateral 
iangle ; shew by considering the course of a ray parallel to 
le aide, that the distance of the image from the liiminous 
lint for 2n refiesions is na, and for 2n + 1 refiexious 

a^in' + n + l), 

being a side of the triangle. 

34. A my is incident on a refracting sphere ; shew that 
ter one internal reflexion it will emerge parallel and re- 

irsed, if cos 0' = ^ ; and after two internal reflexions parallel 

id proceeding, if cos 0' = ^ V(/^ + l)i 'j' being the internal 
igle of incidence. 

35. A cylindrical tumbler being placed npon a table, a 
eraon is so situated that looking over the nearest point of 
le edge he can just see half down the inside. When a fluid 
I is poured into the tumbler he can, by refraction, just see 
is bottom when the tumbler is tliree-fourths fllled : — when 

fluid B is poured in he cannot see the bottom till the tumbler 
! quite full. Supposing the i-efractire indices from air into 
I and i?tobe aaV^ : 1, — shew that the height of the tumbler 
) double the breadth of its base. 



36. Three plane mirrors are joined together by their 
dees, so that their planes are at right angles to each other, 
nd their reflecting surfaces turned inwards. Shew that a man 
aoking into the soUd angle so formed will see his face in- 
■erted ; and trace the course of the pencils by which he sees 
he diflbrcnt parts of his face. 

37. A ray of light after reflexion at two plane surfaces, 
etums to the point from which it emanated, having iu its 
lotirse between the mirrors passed through a given point ; if 
he miiTors be moved in any way consistently with these cir- 
lumstances, shew that their intersection will always lie in one 
ilane ; and may be anywhere in that plane, the length of the 
ay being supposed constant. 

38. A rectangular box, at the bottom of which is a plane 
airror, contains an unknown quantity of water ; from the 
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trther, — shew tliat if from tte point of incidence of each 

iTQiere be drawn in a direction opposite to that of the 

Mectei ray, a line equal in length to the incident ray, the 

Dcns of the extremities of these lines is a curve cutting the 

ines at right angles, — ;and the equation of which referred to 

he radiant point as origin, and the axis QO aa axis of x, is 

a? + y^ — 2ux = 2o \/(^' + !/')• 

Shew that the origin is a double point; and trace the 

urve : shew also that the equation may be t 

he form 



r 



Chapter II, 
Illumination of Surfaci 



_ 1. Two candles of unequal brightnesa and height are 
ilaced upon a horizontal table, — shew that the locua of the 
loint which is equally illuminated by the candles is a circle. 

2. A ch'cular disc exactly fits a hole in a wall and 
evolves in its own plane about its centre ; 2n equidistant radii 
ire drawn on it, and the space between every alternate pair 
■emoved : supposing the image of every object to remain the 
-"■ part of a second upon the retina of the eye, find the small- 
;st angular velocity which may be given to tlie disc consist- 
intly with the eye having an unobstructed view through the 
lole. 

If the disc itself be looked at under these circumstances, 
vhat will be the appearance presented? 

3. Why does the apparent brightness of a light seen by 
light — ■(neglecting such disturbing causes aa absorption by 
lie air) — remain the same at all d' 



4. A candle is placed at a given distance in front of a 
vertical plane cii-cular mirror on a line peipendicular to the 
lorizontal diameter at its extteraity ; shew that the bounJjiry 
)f the reflected light, which falls on a wall of which the plane 

p- 0. \'o 
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18 perpendicular to that of the mirror, is a parabola;— 
iermine its latua rectum. 

5. A luminoua globe falls from a point above the & 
surface in a dark night: shew that it will look like all 
falling column, elongating as it dcBcends. 

If c, Cj, c, Ije the lengths of the apparent column at a 
ends of times i„ („ (^ from the commencement of the fi^ 
prove that, ^avit^ being considered constant, and the i 
ance of the air bemg neglected, 

'i (c. - O + ', h - c.) + i, (c, -0 = 

6. A thin plate of glass is placed parallel to a scr- ' 
and there is a luminouB ]Doint in any given position on ; ■ 
other side of it ; the glass is cracked m one spot in the slia; 

of two straight linea forming a cross,the planes of the craiia l- 
being perpendicular to that of the glass : shew that there mB fc 
be two corresponding figures of a cross thrown upon the screen, 1 
the one bright and tne other dark : shew also that the lumin- 1 
ous point may move in a certain fixed line without produciM | 
motion in the figures, ^ I 

7. A stick of given length is suspended vertically in s 
room, A candle is carried past the stick in such a way tLal 
the shadow of the stick falls partly on one wall, and parti r w 
the ceiling, — the extremities of the shadow on each lyine in i 
two straight lines : find the locus of the candle. J 

8. An opaque sphere is placed upon a plane, and in Uie ] 
diameter passing through the point of contact a luminons 
point is placed, — its distance from the sphere being equal tn 
the radius, — 

Prove that the area of the shadow cast on the plane is 
three times tJiat of a great circle of the sphere. 

If a transparent liqiiid, whose refractive index is JS be 
placed above the plane, so as just to cover the sphere, shew j 
that the area of the shadow will then be reduced to twice that I 
of the great circle. I 

A plane drawn through a given point is illuminated 
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aelf-luminoua spheres ; find the position of the plane 
the illumination at the given point is a maximum. 

. If a candle he placed upon a table at a given dis- 
from a point in that table, what muat be the height of 
ndle that the brightneas at that point may be the great- 
isible? 

. The shadow cast by an oblate spheroid resting on 
rtex — on a horizontal plane, in the sun, — is an ellipse ; 
le spheroid stands in its focus. 



. Two aemicircular self-luminous plates are placed 
heir diameters upon a plane, and with their planes per- 
lular to the line which joins their centi-es A and B\ find 
isition of that point on the line AB where the illumi- 
of the plane upon which the semicircles are placed is 



. If a concave mirror revolve roiond an axis through 
itre, slightly inclined to the axis of tlie miri'or, find the 
ranee on a screen placed at the farther focus, when a 
of electric sparks passes in quick succession through 
arer focus in the axis of revolution. 

. A small plane touches a self-luminous paraboloid of 
tion at its vertex and is then moved parallel to itself 
the axis produced ; prove that the illumination of the 
varies inversely as its distance from the focus. 

. Three candles are placed in a room, and tlie two 
r being lighted throw shadows of the thii-d upon the 
; ; if the directions of these shadows be produced, where 
ley meet ? 

. K a globe be placed upon a table, the breadth of the 
3 shadow cast by a candle {considered as a luminous 
will be independent of the position of the globe. 

. The centre of a spherical ball is moveable in the 
il plane which is equidistant from two candles on a 
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8 EXAMPLES AKD PROBLEMS. 

30. If c„ Cj, c. be the lengths of the meridiaD shadows of 
tliree equal verticj gnomons, on the same day, at three dif- 
ferent places on the same meridian, — prove that the latitadea 
\, \, \ of the places are connected together by the equatioD 

' tau(\-XJ '■tan(\-\)^ " taii(\-\) 



Chaptee III. 
Aherrations of small direct pencils. 

1. A pencil of parallel rays is incident on a convex re- 
flecting surface — if, r being the aemi-aperture and radiiiB of 
the mirror, — the diameter of the leaat circle of abeiration 
-I. 

2. A small pencil is directly refracted at a plane surfiice,— 
the radius of the least circle of aberration = -- , . ^ . 

3. A pencil of parallel rays is refracted directly at i 
spherical surface, — the radius of the least circle of aberration 



4. A mirror of given aperture and focal length, and of I 
small curvature, has the form of a prolate spheroid; — shew I 
that the aberration for parallel rays varies inversely aa the I 
major axis, 1 

5. A segment of a paraboloid of revolution is cut off '■ 
a plane perpendicular to the axis so as to form a piano-con^ 
lens : when a pencil of rays parallel to the axis is refractei 
through the lens, find the aberration in tei-ms of the thick- J 

hich is so small that its square may be neglected. I 

6. If the law of refraction were assumed to be =f4', I 
shew that the &ppiozime.te eitot in. finding the point vW I 




^^^i'' incident near and paiallel to the axis of a Bpherical 
— ' ^^^iting surface cuts the axis after refraction, would be 
~ "t+ 1 w" . 

■ — , — using tlie ordinaiy notation. 



Chapter IV. 

Focal lines of small oblique pencils. 

I J, The distance between the focal lines of a small oblique 
1 ^ler refraction at a plane surface is =f^ ) tan'^.it. 

. "3. A small pencil of parallel rays enters a reflecting 
^^here, and after n internal reflexions emerges tlirough the 
'^^rae aperture ; find the angle of incidence and the poaitioa 
'^f the primary focal line at emergence. 

3. An eye is placed under and close to the surface of a 
llear and stagnant fluid, and a vertical straight rod of given 
length is pl»w:ed at a given distance from the eye ; determine 
s form of the image, and the altitude of its highest point 
B the surface of the fluid. 

i. If an eye be placed in air close to the suiface of a 
r stagnant fluid, shew that the apparent form of a circular 
in the fluid, whose centre coincides with the place of the 

re, and whose plane is perpendicular to the surface, is defined 

|r the equation 



= radius of circle, /j. = refractive index, and the radina 
ctor T drawn from the position of the eye makes the angle 
S with the surface. 

5. A small pencil of homogeneous light is incident 
obliquely on a plane refracting surface; show that if the 
obliquity be small, the distance of the point of \OR.\ia\iRR. 
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after oblique reflexion at a spherical stirface, (fig. 
!), Q the oriein, 0, A the centres of the surface and of 
le face of the reflector, Aq^ the direction of the ray after 
iflexion. 

Draw OF perpendicular to QA, FG perpendicular to 
I O, join QG and produce it to meet Aq^ in j, which will be 
le primaiy focus. 

(ii) after refi-action at a spherical surface, (fig. Art. 68), 
) the origin, Aq^ the refracted ray. 

Draw QF, FG perpendicular to AQ, AO respectively : — 
>in GO meeting Aq^ m K, — draw KV, Vq, perpendicular to 
10, Aq^ respectively, — then q^ is the primary focos. 

(iii) Adapt the case (ii) to the case of oblique refi'action 
t ft plane surfaee. 

12. A small pencil of rays suffers a series of reflexions 
rithin a polished spherical surface ; if the raya are initially 
larallel, the primary focus after the n"' reflexion divides the 
hord of the surface which is the axis of the pencil in the 
lltio 2n-l:2n+l. 



^^^ Caustics. 

13. Eaya parallel to the axis of y are incident c 
eflectiDg curve y = e', the catacauatic is the catenary 

14. Bays are incident on the parabola y'= iax 
ulai to its axis, — the equation to the catacauatic is 

^V /9a — xY ax 

DiscuBB the form, &c., of this curve. 

15. Rays are incident on a circle from a point <9 within 
he circumfo-ence, and CO is drawn perpendicularly from the 
;entre C on any ray SQ reflected at Q to t\ie ■^tmt E <A '^•si 
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caustic ; prove that the locus of P may be traced by means of 
the equation 

1 _ 1 2 

>^{CF'-CCf)~SO'^ QO- 

16. Baya emanating from a point 8 are reflected at a 
plane curve — if SFbe the perpendicular from 8 on the tan- 
gent to the curve at any point P, and 8Y be produced to a 
point Q such that QY= SY, then will the caustic curve be 
the evolute of the locus of Q. 

The sameprobl&m may be stated thus: 

If with each point successively of the reflecting curve sa 
centre, and its distance from the radiant point as radius, we 
describe a series of circles, — the envelope of all these cirdea 
will be a curve, the evolute of which will be the caustic. 

17. Assuming the formula for the position of the pri- 
mary focal line iu reflexion at a spherical surface, — prove that 
if § be the radiant point within the circle, QP the ray co> 
responding to an asymptote of the caustic, and P the point 
in which PQ produced meets the circle, then QP'=3.QP'. 
and hence deduce a geometrical construction for the asymp- 
totes of the caustic. 

18. A radiant point being placed in front of a looking- 
glass, find the caustic curve formed by the raya emergent 
from the glass after reflexion at the quicksilver. 

19. Parallel rays are incident upon a cylinder in a direc- 
tion perpendicular to its axis ; shew that the ei^oation to ft 
section of the caustic surface is 

(^■-l)3,-((A)'-»'l'+l«'-(/''"')'l'. 
the centre of the corresponding section of the cylinder, whose 
radius is a, being the origin, and its diameter perpendicular to 
the incident rays, the axis of x, — fi the refractive index. 

s proceeding from a luminous point in the pok 
of tlie spiral r = ce*™", are reflected at the curve, the cat*- 1 
csiis&'e ie a similar spiral. FurtJier^ the spiral will be ita 




S01 

own catacaustic if iseca = c'*"'"°'°"", where )i = any positive 
integer. 

21. Raya fall on the cycloid y = aTer3'' — |-\/(2na:— a:*) 

Earallel to the axia of a;, the catacauatic is two cycloids of 
alf the dimenaiona of the original given by the equation 

±!'+'^-Vl(2«-»>) (==-«)!+ (.cos-y(tJ). 

22. If a^ be the co-ordinates of a radiant point, the 
canatic curve formed by reflexion at the circle ar'+y= c*- ia 

[4 (a'+^ i^+f) - c' {(x + aY+ {y +^)'}]' 
Gamhridge and Dyhlin Math. Journal, ir. pp. 128, 236. 



Chapteh v. 

Successive refiexions and refractions— prisms — lenses. 

1. Draw a line between two plane mirrors which may be 
the direction of a ray proceeding from a given luminous point 
after reflexion at cither of the 



2. When a ray of light ia reflected at any surface, the 
incident and reflected rays are cfLually inclined to any plane 
which pasaea through the normal at the point of incidence. 

3. What ia the greatest apparent zenith distance which 
a star can have as seen by an eye under water ? 

4. A pencil paeaes directly from air into water, through 
a plate of glass, to And its geometrical focus, assuming 
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What mast be the inclination of two mirrors in order 
tliat a ray incident parallel to one of them may, after two 
reflexions, be parallel to the other. 

6. A ray of light paasea from one medium through thne 
others bounded by parallel planes, the refractive indices taken 
in order being V3, V6, V^, V6 ;— if the angle of incidence at 

the first refraction be — , find the direction of the ray in each 

of the plates. 

7. If the air near the surface of the ground be less dense 
than at small altitudes above it, there will be observed in? 
verted images of distant horizontal objects. Jl 

Hence explain the Mirage. S 

8. If rays are incident upon a common looking-glass W 
an oblique direction from a candle,— Ofic faint image is ob- 
served before the principal image, — and a row behind it dimi- 
nishing rapidly in brightness. Explain this. 

9. If a transparent plate He between two media of un- 
equal densities each less than that of the plate, and if a ray, 
passing from the denser of the external media into the plate, 
fall at the critical angle on the third medium,- — the angle (rf 
incidence at the first surface of the plate will be the critical 
angle from the first on the third medium. 

10. A ray passing through a point Q is incident upon ft 
refracting plate; q is the intersection of the emergent ray, 
produced backwards, with the normal to the plate through Q; 
jf the angle of incidence be = tan"' fj. and t the thickuess of 
the plate, prove that 



11. A rod, inclined at any angle to a plate of glass, is 
seen by an eye on the opposite side of the plate ; shew that 
the length of the image of the rod formed by geometrical foci 
is equal to the length of the rod. 

Is the image formed by the refraction at the first a 
oi the same magnitude as either ? 




12. A glass plate of aensible thickness is in contact with 
the BUrface of still water, find how much the image of a point 
in the water will be elevated. 

Find also the area of the upper surface of the glass which 
^Ip^fective in transmitting rays. 

^^k * * % » * 

^^tl3. A luminous point is seen through a triangular glass 
prism, by means of pencils once internally reflected, trace the 
course of the axia of a pencil from the luminous point to the 
eye,— ^ being the index of refraction from air into glass. 

14. A prism is held before the eye with the edge ver- 
tical, and one face perpendicular to the axis of the eye ; how 
much in azimuth of the horizon will the observer be prevented 
from seeing by the interposition of the prism ? 

15. A small pencil diverging from a given point is re- 
fracted through a prism in a principal plane and very near 
the edge — if the prism be turned about its edge, form the 
equations necessary for determining the curves on which the 
foci lie, and shew that these curves intersect. 

16. Eays are incident at one point of a prism in all 
directions in a principal plane, — shew that if the refracting 

angle be > sin"' - , rays incident from that side of the normal 

which is towards the edge of the prism will not pass through, 
— and examine what rays will pass thi-ough. 

17. If there be a small speck upon the middle of one of 
the aides of an equilateral pnsm, and a person place his eye 
close to the opposite edge in the plane drawn through the 
speck perpendicular to the axis of the prism ; shew that he 
will see two specks, and find the apparent angular distance 
lietween them. 

18. A small pencil of rays is transmitted through a 
prism in a principal plane — find the focus of emergent raya in 
the primary plane, taking account of the thickness of the 
prism ; — and deduce from the result the expreaaiflu £ot tV- 
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place of the focus when a pencil is transmitted througli » 
plate wbich is bounded by parallel plane surfaces. 

19. Two equal prisms of the same refracting aubatonee 
are placed in contact : shew that a ray of given' species will 
be juat incapable of tranamisaion through the compoond 
prism thus formed when the mutual inclination of their edges 

is 2 sin"' ( — ^— I 



, a being the refracting angle of each priam. 



20. Can objects be seen — {without internal reflexion)— 
through a prism whose refractive index is | and refracting 
angle a right angle ? 

21. Two prisms are in contact with their edges perpen- 
dicular to one another ; a ray perpendicular to the edge ot one 
prism being refracted through the combination emerges from 
the second perpendicular to its edge: determine the deviation, 
and shew that the problem is impossible if the angle of either 
prism exceed the critical angle, 

22. The deviation of a ray refracted through a prism ot 
small angle in a principal plane 
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being the angles of incidence and refraction at the iirst 

ce. In what case will the deviation be = (/i — l)i, neatly? 

23. If a ray of light QA08 be refracted through > 

prism IKL in a principal plane, and if the vertical angle 

KIL = a, QAK^ a, ACL = ip, and the whole deviation of tte 

ray = £, then will 



tan 



(*-i) 



tan - 



tan- 



24. A small pencil of rays traverses a prism in a prin- 
cipal plane with minimum deviation. The length of the patli 
of the axis within the prism being c, and i the angle of the 
prism, — shew that the distance between the primary and 

secondary foci after emergence = — [ tan -1 c. 
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25. A ray passes through a prism in a principal plane, 
the deviation oeing equal to the angle of incidence, and each 
of them equal to twice the angle of the prism, — shew that 

the latter angle = cos"' . / [ - - ] . 

26. When a ray is refracted through a prism in a prin- 
cipal plane, prove with the notation of Art. (91) that 

sbi {D + i—)})) =2/isin-coa (-—<})'] — sin <(•• 
* » » » » 

27. A glass lens lfi, = -\ of given focal length is placed 

under water I ft = - j ; find the geometrical focus of a pencil 
of parallel rays directly incident upon the lena. 

28. The least distance between an object and its image 
formed by a plano-convex lens of glass is 12 inches, find the 



radius of the spherical surface (fi = 



29. A person views an object through a convex lens 
with both eyes ; trace the pencil by which each eye sees the 
object. 

30. A convex lens, held 12 inches from a wall, forms on 
the wall a distinct image of a candle ; when the lens is held 
6 inches from the wall, it is found that, to produce a distinct 
image of the candle on the wall, the distance of the candle 
from tlie lens must be doubled ; — find the focal length of the 



31. From a prolate spheroid, formed of glass, portions 
are removed by planes passing through the two foci and per- 
pendicular to the axis ; if a luminous point be situated at one 
of the foci, and the e^e placed close to the other, describe the 
appearance which will be presented, so fat as it is due to 
pencils which have suffered one internal reflexion. 
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wfarti Te powvB n placed ib die padi of a pencQ trf' 
siMJi a maima' that the axis of the pencil is peipendi 
the plane of jnoctioa and passes throngh the centre ; de 
the geometrical fbcns of the refiacted pendl. 

36. Find the geometrical focus of a pencil of i 
&acted throng a hollow glass sphere, whose exter 
internal radii are r, r lespectivelj. 

37. Shew what kind of lens will be required to e 
person to see distinctly nnder water. 

If an eye be nnder water, shew how to detent 
course of the ray by which any object above the i 
Been. 

38. A plano-convex and a plano-concave lens < 
power are fitted together so as to form a plate ; — if th 
be slightly separated, remaining co-axial, examine the 
they will produce in the divergency of a small pencil ( 
gent ra^a incident directly (i) on the negative lena, 
tiie positive lens. 



CHAPTBE T. 



189. Two plano-convex lenses of the same size and form 
placed BO BS to make a double-convex lens : lind the focal 
[ength of this lenB, the re&active indicee of the two su1>3taiices 
being f^ and (a, 

40. A convex lena is moved between a candle and a ver- 
tical screen, the distance of which is greater than four times the 
Focal length of the lens : prove tliat two real imagea of the 
candle will be formed on the screen : — and if the ratio of their 
magnitadea ia wi, find the focal length of the lena. 

41, The focal length of a convex lens in air is 15 inches. 
Wlien ita lower aurface ia immersed in a certain fluid, a ver- 
tical pencil of parallel rays ia brought to a focus at a depth 
jf 24 inches : When the other surface is immersed, the depth 
sf the focus is 40 inches ; and when tlie lens ia wholly im- 
mersed the focal length is 60 inches. Find the refractive 
indices of the lena and fluid, and tlie radii of the aurfaces of 
the lens. 



42. A pencil of raya is directly incident on a doable 
ioncave lena the second surface of which is silvered ; find the 
geometrical focus of the pencil after emergence, and the form 
if the spherical aurface which, placed at the same distance as 
he lens, would reflect raya to tlie same focua. 



43. K the radius of the anterior surface of a concave 
laaa speculum of inconsiderable thickness (c) = a, and if 

he radius of the second aurface = (H--—, the image of a dis- 

ant object formed by reflexion at the first aurface will coin- 
ide with the image formed by reflexion at the second surface, 
nd by refraction at the first. 

44. A pencil of rays is directly refracted through a series 
f lenses separated by finite intervals «,, a,,..,a,_j, the axes 

leing coincident. Shew that if ^, t---t- be the focal 
k, K, K„ 
F. O. W 







94, ff*r»f«(\i«tit}Kii 
HnA tiM HttWPtiofM of am auddent nit 



M. A N]/hm« ompowfl of tire I 
tf^rafiiri powwi m placwl in the pui of «i 

K'l/'fi tt maitrtT thnt thn riim of the pencfl ia . 
()i*> friinff "f ill n''.(i fill «fii) lOMf^M through the ci 
lite K^mnotriCHl f'jf^ii 'if IIm: TiSriuMi pencU. 



SO. Kind til'! [{fif^rn'rtricat foctw of « patcQ of ravs rc- 
frnctwJ tlir./!tKli n. (I'lllfirw k>m)ii Bphere, wEosTlxteniil m^ 



Irifdnifll Tiuil 



«ii ev.. bo un.Ier water, hI.c^ how to detennine tiie 
I nf ihn FAy by winch any object above the water b 



J17, Kbovr what kind of Icnfi will be required to enable s 
MTHfTii 1*1 fi'>« (lititiiictly under water. 
II' nil eyi 

I'nllfFH' of ili(. ,„j .,j ,.,,„„, ru.jr uujri,! auuve tue water li 

IIH, A iilr.n<i-..niivcs urn] a plano-concave lens of equal 
|"i«r.r nrn lIlO.l ln^rHlu.■ m m to form a plate;_if the I«L 
n iliKi ly .r]»,riilni, ivnim.i.iiR co-axial, examine the change 
thfty w,ll |.-,.,|,„v u. Iho , ivcr^^-ncy of a small pencil of di»X 
m-ttl iiikB iiia.lcNl Jiivctly ^i) wii the negative lent mi a 
tlio iiciRitire I0118. ^ ' 




391. TTwa i^maih€BarrPis: lemea- « tf t hf^ -amt\ <kiXi uul : inu« 
;pIiBKSG»1 30 a» to ni&ko i laiibief-^omvcs >jis: iml ixw :w<^ 

/bk and. /A.'. 





acxoen^.tiie rjdfitonbsi Mr ^Ftiiuii ifr ^»tur iuMi :i)ur 'Mmi<a :^)\j 
will bft flnFrrnetl »in: the rKOKtiii.:: — tmiL it tim iv^Ui/ n, c/i>;iJ 




41. ^ Tie &f&il iKngtA 'rf a ^joavex Iwiju* i/i ^Wk l*i s ' '.3*v*^»;<»» 



^f the Sdccbs iff -IH.> mjciniii; aa.d wa-^ru ?!ic Icuus U \vb.^J.!A i.vu 

^dices of die Iol} aimi daid, and tb.^ ra^Ui oi:' dbio ^uLiUvw^ vi.' 
the lens. 

43. A pencQ of rays is dirttctly iucidouc ou a doubk^ 
ecmcave lens the second surface of which is silvered ; U'.kI iW 
geometrical focos of the pencil after euiorgciuv, uud ilic U'lm 
of the spherical surface which, placed at (he sauio disuu^c ;.is 
the lens, would reflect rajs to the ;»ame focus. 

43. If the radius of the anterior suifuco oi a ^\'iuM\r 
glass speculum of inconsiderable thickness (^O n, ;nul it' 

the radius of the second surface = a + , the iuuige. oi a Jis 

tant object formed by reflexion at the tirst surt'iuv nn ill voiu 
cide with the image formed by retici^iou at ilic seeuiul surl"iu'\' 
and by refraction at the lirst. 

44. A pencil of rays is directly refracted through a Miics 
of lenses separated by finite intervals a^, (/„... a.^.^ the axurt 

111 
being coincident. Shew that i{ ^ , ^-''i" ^^^ ^'^^ *''''*^' 

F.O. ' - " U 



I 




258 EXAMPLES AHD FBOBLEHS. 

lengths of the lenses, the geometrical focus wil 
the equation 

-1 A J_ 1 

45. ABCD 13 a donble convex lens (; 
tliickriess t = fi {sum of radii of mrface») . P\ 
within the lens at the point of intersection of ^O and Jil) 
Q, E the images of P seen from two points in the axis ra 
different sides of the lens. Then, if/ he the focal length of 
a thin lens which has the same radii and reiractive indes as 
the lens ABCI>, 

46. The distances of the conjugate foci from the first 
and second focal centres of a lens are connected by the equa- 
tion 

;-;=(.-i)(i-i-Szl.£). 

Chapter VI. 

Refraction thrcrugh media of vari/htg density. 

1, The index of refraction at any point of a medium 

Ijounded by a plane is e*, where x is the distance of the point I 
from the plane ; find the equation to the path of a ray incident ' 
at an angle a on the bounding plane, and shew that it will 
have an asymptote perpendicular to the plane at a distance ca 
from the point of incidence. 

^. The index of refraction {fj.) in a medium varies from 
point to point, being a function of the distances x and y from 
two planes at right angles to each other; a ray traverses i 
the medium in a plane ■peirpe,T\4vt:?6\M to t^ifs*. two planes ; il' I 
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k k medimn botmded l^ 

'~ ' 1 such a maimer 

- + tx, where x ii 

a vhich the ray is 

^ a and the point 

_ — __ , of the ray is de- 

9. A T^sd af deed «. tbe p and bottom of which m 
hmamtti fhaM* » fini ntb i. -'uifpftrent flnid, Uie refiac- 

tn« iidtx «if vUii at a dc|itk x belov tLe sQz&ce is I + - 

"l^o iBaU ImIe* heap Ma^vtbelop, a ray of light eoten 
«t oae kole, IS mA c Ju J ai Or >>i)ttom and emerges st the 
aeoOBd bale; Aew that the disi » between th« boles most 
M«1ie>aaks,r3 + V3). 

10. Shew that if V — l=l-p for any state of density of 
the Earth's atmosphere, the following differential eqoatioii of 
the tzajectoiy of a lay of light coming 6oni a heavenly boiv 
results indepeadentiy of any Tkeory of Light, viz. : 



/i^r"— a'sin'r+Jtrp)' 



z being the ap^rent zenith distance of the body at the Earth '- 
sai£ue, a the Earth's radioi?, and r, 6 polar co-ordinates re- 
ferred to the Earth's centre and to the radius drawn to the 
place of obeerration. 

11. The refractiTe index at any point of a spherical >__ 
is a fanction /(r) of the distance r from the centre, — and • 
pencil of light, proceeding from a point at a distance c fioni 
the centre is directly refracted throngh the shell ; shew th»I 
the distance (c") from the centre of the geometrical focus after 
emergence is given hy the equation 



here a, ft are re^pediTdlf iAm^ «£st»@ni»l m«i JM^miA ^\i df 
le shell, and c' is meaeured in tdi^ smi^^fil^^li^ Im§ ^ 



12. A ray of light whose dire«lbft-«giifieil f^!^ffi$4 io 
iree rectangular axes are X, /bi, y i« ineidUftl al afi Angk ^ ^ 
reflecting plane 

lew that die directioiv-eoftines of the r^fl^ot^ fif i^ii ef^M fo 
il€fm^^\ ^mccm^-^^f intm^-p.- 

lanes ciif isfes^m am ae rig^f av^^€#; sb^;# ;^«6 ^ d^^- 
ion is a Mfiminni when fltk^ ai^g^ 61^ iik^id^ikk^ ^m ^^M. 
Lnd if ^ l^ ifie: ^e^ 61^ inddeiu^, J^ ih^ ihitii^itH^ df^^km, 
the iadnoaifeii 6tm^Mtt^(m, fA\&i/r fh«f' 



14. KW!^ tfeil^ T^fWtf »^ r^ df* Hgftt' iir r<^^ 
PM»any'p^«'a#tbef-iAfefi*^ rky to 2Cttyp6mtm th« r^fl^H^ff, 

adifem'oWirfifei#^a^ltltt*tfttisrpdTiif,tft6 app^^anittdc pti6»rti1^ 

$ tie eiyte' of' ai^- oB«W^ef ^vf 11 b^ tlisfct of a' M^t cttft^^ ; ritlft' 

is; if a^ rtf^^ of hglit b^ r^ffeclfed' orlcfe' af each of tT^6 
JGgme snrfbeeiariit aity pferiea, sliew thaf 

cr^T^- r^os 57+ 2 (sm Ism <j!>Wn ^, 

rh€*€'-i^ is' tll^t^fiVle deviation, of the raj, J the an^Jbe- 
W^«#^Q<^rttfa!lrto'fhe'Hiar^ces,' (^ the angle ormc\9.^\i<jfe c:Jt^^ 



ri»»*« 'MM-i'l* Mft r^y, ftff/l ^ t.h^, art^rle h^itween the pbne of iDc:* 
fli.M'f- f/f tli<^ ftrpif. irir;l/l^,nt ray and a plane perpendknlir t?* 
Hm- ihl* r4«' li/ifi /if Uif! n-.fl<'^;ting Burfaces. 

in. Tlii^rn nrr flirrc plane reflectors, two of which aie a* 
ilf'ltl Mfii'lr^ l«i «Mirli otlirr, and a ray of light is incident i^ 
till* lliinl mill n^llrrtrd wiicceHHively by each of them; — it i 
thipiiMMl In nltrw llmi tlio unfile between the first incident in 
IfHl M^lllM<1(Ml iHVrt \^ iM(iml to twico tlio anglc of incidflDc 
M|iini llir lit^l Muii'tuv. 

1 1 \\\ \M'\\]\w wiu* v»f rtt\';i» (nils upon a narrow rrfect- 
I IK', 11111111111 4 \-u( Aviu tho ^urtncv v>f a cone by planes peipen- 
Miiitlu w \\w .'iVM, ittivl the o>ncral torm of the reflecfci- 
MHiov »N»x»x\n ^'»» HviwM^i At vl;tTv-rv:;;t distances perpendicnk 

tK V »-^x x"*' ■\:<''^: •< *^*^Vc«t T^mViel to the axis of ^ 
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EXAMPLES AND PB0BLEM8. 

first incident ray, and 6 the angle between the plane of ind- 
dence of the fii-st incident ray and a. plane perpendicular to 
the intersection of the reflecting surfaces. 

16. There are three plane reflectors, two of which are at 
right anfflcfl to each other, and a ray of light is incident upoa 
the third and reflected successively by each of them ; — it is 
required to shew that the angle between the first incident and 
last reflected rays is equal to twice the angle of incidence 
upon the first surface. 

17. An oblique cone of rays falls upon a narrow reflect- 
ing annulus cut from the surfa"" "Fa cone by planes perpen- 
dicular to the axis ; find tl eral form of the reflected 
image thrown on screens at i;nt distances perpendicular 
to the axis of the cone. 

18. A ray of light is incident parallel to the axis of » 
reflecting elliptic paraboloid whose equation ia 



at a point (a, (3, 7) ; shew that the equations of the refieoted 
ray are 

»-» ,v-fl g-7 



Each reflected ray will pass through each of two parabolas 
lying in the principal planes of the paraboloid. 

19. A ray is incident at a point x, j, 2 of a surface m=0, 
and there is both a reflected (i) and refracted (ii) ray,— if 
I, fn, n be the direction-cosines of the normal to the Buri&ce 
u = ai X, 1/, z, — 0^7 those of the incident ray, i the angle of 
incidence and reflexion, i' that of refraction — ^the equations to 
the reflected and refracted rays are severally 

x-x _ r-s _ z-z 

22 coat — a 2mco9i- j3 2ncos» — 7 ^" 
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Y-y _ Z~z 

ii(»'-t")+^8m»" nam(t— i')+7Biiii' ^ '' 

A ray of light is incident from the centre of an ellip- 
inner surface of which is polished, and the equation 
sh is 



- 



- + ^ + -i-l = 0; 
a c 

it the equations to tlie reflected ray will be 

X-x Y-j Z-z 

z are the co-ordinatea of the point of incidence, 



vriher, — Prove that all rays which after reflexion paaa 
;h the line x = y = s, were before reflexion in the surface 
cone defined by the equation 

j,.(J.-i) + ..(i-i) + »:,,(i-i) = 0. 

. A pencil of rays is incident parallel to the axis a: of a 
;ing ellipaoid whose greatest and lenst axes are a and c 
tively ; find the nature and limits of the two curvilinear 
aries of the portion of the plane a;, y through which all 
will pass ; — and shew that if e, e', e" be the eccen- 
of the principal sections in the planes xy, xz, yz re- 
rely, and /* = - , the boundaries will be two ellipses 

semi-axes are ae'", Se"*, and -j— , hd' ; but if /* = -r , all 
ys will pass through a portion of the arc of an ellipse, 
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who i-axea are ae, be" included 'between the vertex and 

a do nate at a distance -y- from its centre. 

22. 1 surface of a piece of water is covered, except 
one narrow slit in tlie form of a straight line: a luminona 

Eaint ia placed in a given position above tlie surface ; — if this 
e taken as origin of co-ordinates and the vertical line as axis 
of a; and x = a, e = — c are the equations to the slit, — shew 
that the eq^uation to the sheet of light in the water ia 

d'{{s?+f){x-ay + j^{z-^ ■■' .»(a;-o)Ma'{a^4-y') + cVl. 

23. Rays diverging oint a, b, c are reflected at 
the curve z = 0,f{x, y) = nnals to the polished part 
of which all lie in the plan^ ' ; shew that the equatons 
to the ray reflected at the point y, 0) are 

X-x Y-y Z 



fip{b-y)-{f~l){a-x) 2p{a- ) + (j>'-i){b-y) (p'+l)c 
where p=-f , — and the sheet or surface formed by the re- 
flected rays will be found hy eliminating x, y between these 
equations and/(j:;y) = 0. 

Es. If /(a, ^) =y-4aa! and i = 0, the ray-surfece of 
Y^{c-Z) = 'La{aZ+cX). 



The following examples of ray-mrfaeet of ■■efcrim formed oa in problem (ij) 
■re Ulken with modiScatioiiB from an interestiDg work on Rnj/ Sur/actt iff St- 
Jkxion, by Prof. Childe, Caps Town, 1857. I am indehted to the eame woA 
for the pioblema 31 — 34 of this Chapter. Laleral uid verlicai ray-aurbonof 
refloiion are the names giyen to aurfaees formed as in problems 33 and 31 l» 
Bpeotivaly. 

24. In problem (23) 

(i) The equation to the plane passing through the incident 
ray and the normal to the reflecting curve is 

jr-a;-l-(r-y)y-[a-ar+(6-ff)i>]- = 0. 
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■ (ii) The eqnation to the plane passing throngh the r 
Scted ray and the tangent to tlie " '' 



25. In (23) if the incident rays are aU parallel, their 
Ection being defined by the direction-cosines I, m, n, the 
tations of the reflected ray become 



p~liji'-l} 2lp-^ 



-1) {p' + l)n- 



In this example, if the ratio I : ni remain conatant vhilst n varies, tlie re- 
ting ray-aorfacoa of reflexion will have for their envelope the cjUndor vboaa 
k is parallel to the axis of z, HQd whose tmce on the plane of jyia the ordinary 
eUc formed by tlie reflexion of raja all incident in the direction defined tj 



26. K_/(a^)=y — 3;tana = 0, theray-siuface of reflexion 
■ther lateral or vt^tical) ia 



Z Xsina — r"co8a 



aama — b cos a 



27. If/(a3,) = a,' + j-- 

f reflexion ia 



= a circle, — the ray-surface 



In the preceding example if the incident rays are all 
rallel, and their directionB defined by {I, m, n) the ray- 
f reflexion ia 



(i) ln'{^+y'l-lP + m-)^\- = p'Hnx-hr. 



-mz)1 



r writing m = — which does not sacrifice any generality of 
*tatia — th^ becomes 



l»'{a?+y)-!Vi' = p'((ra,-i«)'+«yi . 



(ii) If the direction of this system of parallel rays be 
varied, sulgect to the conditions m = 0, P + n' = l, only — the 
envelope of the ray-sm^aces given by (i) is 










' br Ike ndedBd nj3—tk 



.f rX-aZ eY^Z\_^ 
•^\ c+Z • c+ZJ ^- 

32. In die Tneoedhig qnestitHi, if tbe incident nja txf 
all parallel — tbeir diiectioD }xsag defined fa^ the dinctioii- 
eoaaes Z, m, m— the nj-BoAets of reflexion will be 
./ nX+lZ nY+wtZ \_ 
n ' « / * 
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If the polished curve in problem (31) be a circle, viz. 
/(ajy) = 0=a? + /-.|t)», 
7-surface of reflexion is 

(ex + azy + {cy + hzf = p^[z + c)\ 

:. Find the envelope of the ray-surfaces of reflexion 
i by the curve -s? = 0, a;? + ^ — /o' = 0, as in problems 31 
3, when the locus of the ramant point a, J, c is 

A circular ring defined by the equations c = constant, 
= A* = a constant. 

»wfo. The double cone defined by the equation 

c tj{a? + y') + a?« = + /o (« + c). 

) A circular ring defined by c = const., and 
(a — a)' + (J — ^y = /c*, a, ^8, k constants. 

\sult. Two oblique cones defined by 

{ex + azY + {cy + fizf = {(p ± /c) « + pc]\ 

l) a luminous spherical surface concentric with the 
ing circle and defined by the equation a' + 6' + c" = /^. 

suit. Two right cones defined by the equation 

) A luminous paraboloid of revolution, viz. 

a^ + b^ = ^mc. 

mU. The envelope is a cone. 
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the^fixed fine A in ita axis, and the Jixed line B, having g^vea 
f-j = V3j f-B — /J-^= '001, the refracting angle of the prism 
being = 60° and the distance of its edge from the slit and die 
object-glass being 3 and 10 times the focal length of tiie 
object-glaaa respectively j — the telescope magniiying 20 times. 

With the notation of Art. 1 6S, the angle which the linen A and S aiditeDd 
at the priam= -, , 8(1= ooi in ciroulftr meaflure, after rednotaon. 

cos ^ COB ^ 

If f= focal length of the object-gUaa, the linear distance of A and £ in bt 
image fonnedbj the niiBm = 3/. (-002) = -006./, Thia diBtanco Bubtandfl at the 

otyaot-glaaa, the <; , and therefore the ooireEponding part of its image ioimed 

bj the teleeoope, and viewed by the eye subtends at the eye the i. . jo 

= "00913 in drcular meaBure= 3i'*4" nearly. 

23. K a small pencil of light pass directly through a plate 

of thickness 6, the index of refraction being _/"(-!, x bang 

meaanred from the plane of incidence, and c varying slightly 
with the colour of the light, — shew that the chromatic aber- 
ration on emergence is 



/(;) I>e"g 



equal to unity. 



CuAPTEE X. 
Vision through Lenses, &c. 

1. A person can see distinctly at the distance of 6 inches, 
find the focal length and nature of a lens which will enable 
him to see distinctly at a distance of 18 inches. 

2. A concave lena is placed directly between an eye aai 1 
a screen, determiue how much of the screen will be visible J 
through the lens. 
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7. A direct pencil of rays converges to a point at the 
axtreme distance trom a lens at which an absence of aberration 
in a converging pencil is possible: determine the relation 
between the radii of the lena that there may be no aberration 



LD 



the refracted pencil ■ f /a = 



Btfutl. With the notation of Art. 151, we must have 

f^^ 1? ~ 4(11^ 1) aJ! + (ji.- I) {3li + 2) a' +-^-- 
H—t fi— I 

which gives 

the limiting value of a IB a— ± ■ ■ — J=-Jti = 



mi -= — = ?-i = ?- nearly. 

8. A pencil of parallel rays falls directly upon a double 
equJconvcK lens : shew that if the lena be split in two by a 
plane perpendicular to its axis and the two parts be separated 
by an interval equal to J the focal length of either, the 
conyergency of the emergent pencil ia double that in the 
former case when the lens is entire. 

^- ,^'"^^ convex lenses are placed on the same axis; 
shew that the focal length (F) of the equivalent smgle lens 
ia given by the equation, 

^^rX-^'(^' "'^ the focal lenrfha of the three lenBea, and 
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one image ia erect and the other inverted, — shew that thot 
mean distance from the lena ia equal to its focal length, 

11. A small object ia viewed through two convexlenaea 
of focal lengths ^,3^ separated by an. interval = m {^ + £)i 
m being a proper fiaction ; — find the poaition of the object 
when most distinctly seen, and shew that the magnifying 
power of the combination is 



1 is the least distance i 



ir?)' 



distinct vision with the naked 



where 
eye. 

12. Shew that a defect in the eye of such a nature that 
the rays of a pencil incident iu a horizontal plane are difier- 
ently refracted from those in a vertical plime, may be remedied 
by the use of a lens of which one surface is cylindrical and 
the other spherical. Find the foci of a pencil of parallel raja 
in the two principal planes, when the radii of the sphere and i 
cylinder are 3^ and 4j inches respectively. j 

13. A closed hollow cylinder, about two inches long, has ' 
in the middle of one end a very amall hole, and in that of thfi 
other a circular aperture of about the same diameter as tie 
pupil of the eye. A pin is so placed in the plane of the 
aperture that its head ia near the centre. When the flame 
of a candle is viewed through the tube, the aperture being 
held close to the eye, the flame appears upright and the pin 
inverted. 

Explain the phenomenon. 



, &c. 

14, The angular radius of the uniformly bright field ot 
view in Gialileo'a Telescope — with the usual notation — ia 

^/o{/o-/.) • 

15, The aperture of the object-glass of an AstronomioJ 
Telescope being 5 inches, and that of the pupil of the eye \ (rf 
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will be parallel, (ii) the position of the luminous point along 
the axis which renders the distance of these points from the 
axis a maxtmum or minimum. 

5. A circular luminous ring, radius a, is placed on the 
ceiling of a room ; — in the floor is a hole in the form of an 
equilateral triangle of side b ; shew that the area of illumi- 
nated patch on the floor of the room beneath 

the rooms being of equal height. 

6. Pap is a focal chord of a parabola, 8 a luminous 
point ; shew that the illumination at P : illumination at 
f :: {Sp)i : (SP)S. 

7. Two candles {P, Q) of equal intensi^ situated at the 
same distance from a wall, throw upon it shadows {m, n) of 
a small object ; prove that the illuminatiou in these two aha^ 
dows are as /*n' : Qm'. 

8. Two candles are placed on a horizontal table, the one 
lighted, tlie other not, — tne latter being the taller and fixed : 
tlie other is moved about on the table so that the shadow of 
the first on the ceiling is of constant length. Shew that the 
locos of the foot of the candle is a conchoid. 

9. The circumference of a circle is luminous except a 
veiy small arc wiiich serves as a reflector ; find the image of 
tlie luminous part when the image is defined to be the locus 
(i) of the primary focal lines, (ii) of the secondary focal linea, 
(iii) of the circles of least confusion, 

10. The curvature at the vertex of the image of a straight 
line formed by refraction through 1 
tare of the sphere. 



11. A parabola whose latus rectum =2? is placed before 
a concave splierical refracting surface, the focus and axis of 
the parabola being coincident with the centre and axis of the 
surface. The parabola is concave to the surface, and an 




272 EXAMPtES AHD PH0BLEM8. 

image of it is formed 'bj direct pencils. Shew that if /be 
the distance of the principal focus from the surface (f being 
> I) the image will be a confocal hyperbola whose eccentri- 
ci^i.=X, 

12. In the flat roof of a building there is a square hole 
exposed to the light of a uniform sky. The floor of the up- 

Eermost room has also a square hole in it mider the former 
ut its angles opposite to the ejdes of the former : — determine 
the form of the whole illuminated surface of the floor of the 
room below, and the illumination at any point. 

13. A straight line passes through the point of intersec- 
tion of three rectangular reflecting planes, and is equftllT 
inclined to each of them; find the series of images produceo, 
and distinguish between those resulting from one, two, and 
three reflexions respectively. 

14. The image of a straight line perpendicular to the 
axis of a convex lens at a very great distance from it, approxi- 
mates to a parabolic curve, whose equation ia 



n 



2(«+/) + (2+l)^=0, 



the centre of the lens being the origin, and the circle of least 
confusion being taken to be the image of any point. 

15. Shew that the image of the surface y (^,^,b)=0 
made by reflexion at the plane mirror Ix + my + kz = ia 
f{x+lpiy-\- mp, z + np) = 0, p being such a quantity that 

16. An image of a very distant object is formed 'by » 
plano-convex lens, the pencils before incidence on the lens 
passing through a small diaphragm {B), whose centre is in 
the axis (ABO) of the lens : being the centre of the con- 
vex surface, and A the point where the axis meets tlie plane 
surface of the lens. If AO = /i. AB, the image formed bj 
the Jena will be distinct. 
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17, A stop is placed on the axis of a concave spherical 
reflector at a distance from it equal to four times its focal 
length : to measure the distortion at anj' point of the image 
of a very distant object to which the axis is directed. 

Witb afignre ftnd notation similar to that of Art. ijo (the poritiona of J 
and y must be revBreed) — if ?!)« tlie stop or diaptiragm, AR=y, q being' the 
point of the image seen ooireaponding to the point Q of tbe object, we shall 






vr tba part of the object whereof qm, la the image has a size proportional to 
le the distortion at any point of the imago is lueaaurad by tbe term 



involving y in the oiprei 






^t 18. A small light is placed at the focus of a perfect 
reflector in the form of a paraboloid of revolution : prove that 
the brightness, due to reflection, at any point within the 
volume of the paraboloid, varies inversely as the square of 
the focal distance of the end of the diameter through the 
point. 

19. Light is transmitted from a very distant luminous 
sphere through an orifice in an opaque screen A, and is received 
on a second screen B parallel to A :- — shew that 

{i) if the distance of B from A be small, compared with 
the size of the orifice, the illuminated figure on B will resem- 
ble the orifice in A, 

(ii) if the distance of B from A be large, the illuminated 
figure on B will be nearly circular. 



Caustics. 



10. The perimeter of an ellipse is luminous except a 
small arc at the extremity of the major axis, determine 

rustic. 



very 

the caustic. 
P. 0. 
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''* If '!ght be incident from a point Q on any enr&ce, ' 
ft c be Ee half chord of curvature at any point of the 

gv 1 direction of the incident ray, then ^is a mean 

proportional between w — ^ ^^d v—-. 

If the [nation to the surface be given in the fonn 
u = ^{x), ;n the arc of the caustic can be found from the 
equation 



x) du + 2w'tfc. 

it parallel to an asymptote 
bola; find the equation W 

ire of the caustic, p, of the 

bola, shew that the bright- 



22, Parallel rajs 
on a reflecting rectang. 
the caustic curve. 

If p be the rai 
corresponding poin 

ness of the caustic a —-, . 

23. Bays emanate from th aole of a plane c^rve whose 
equation is given in the form / \r, p) = (i) ; shew that the 
equation to the catacaustic will be the result of eliminating r 
and p between (i) and the equations 



^lr-'^p'^ + ^{^-p-^ = 



_ 4p'(r'-/) 




Oonverselv, i£ ^{r, p) =Q, (iv), be the equation to the 
catacaustic, the equation of the reflecting curve will be ait- 
tained by eliminating r'p' between (ii), (ui), and (iv). 



(i) If r* =j^ + a',— the involute of a circle,— be the reflect 

^. ^- ■ r V{l6a*+p'(4o'-p')l 

ing curve, the catiBtic 15^—= -^ ■■ v ---; tu> , 

* 2a 8a'— ^ 
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(ii) If r^ = a, or {f + a*)p' = aV, — ^the hyperbolic spiral, 
-be the reflecting curve, the caustic is r = — *-— . 

(iii) If r=a — a circle — ^be the equation to the caustic, the 
^nation to the reflecting curve is ar = 2p V(^* ""i^*)- 

24. If rays emanating from the vertex are reflected from 
parabola, the caustic is the evolute of a cissoid. 

25. Eays emanating from the focus of a parabola are 
sflected from the evolute of the parabola — ^the caustic is the 
volute of a parabola. 

26. The caustic of a cardioid r = o (1 + cos 5), — the pole 
>eing the radiant point, — ^is an epicycloid due to a circle of 

adiusf roUingonacircleofradiusf 

27. A ray whose direction is parallel to the axis of a; is 
Qcident on a point a:;y of a refracting curve ; prove that the 
orresponding point of the caustic {xy) is given by the equa- 
ions 

/? Lv{/*Mi+i>^-i}-i>J' 

, . /t' (1 +y) - 1 

, dy d^y 

wherei, = ^,j = ^. 

A ray whose direction is parallel to the axis of a? is inci- 
3nt on a parabola a? = 2ay at the point a;=y = 2a, and is 
ifracted into a medium for which /* = V2,— nnd the corre- 
>onding point on the caustic. 



X =a; 



\%— ^ 



EXAMPLES AND PROBLEMS. 



Chapter IX. 
Of the Chromatic Dispersion of Light. 

1. In Newton's experiment — supposing a second priara 
to be placed beliind the first witli its edge perpendicular to it, 
what will be the effect upon the apectrum ? 

2. When objects are viewed by means of pencils of light 
which are refracted through an isosceles prism, suffering sn 
internal reflexion at the base, the objects are seen quite fiw 
from chromatic dispersion, provided the prism be not very 
large ; prove that this must happen in the general case, — ^that 
is, when the refraction is not supposed to take place in a plane 
perpendicular to the edges of the pi-ism. 

3. If a prism be laid on its base in the open air and the 
eye be placed in a proper position, the baae will appear to be 
divided into two parts, the one much brighter than the other, 
and separated from one another by a coloured bow {blue and 
vioht) concave towards the eye. Give Newton's explanation 
of the cause of this phenomenon. 

Newton, Optics, Part ii. Prop. 8. 

4. An opaque rod held parallel to the edge of a glaga 
prism is viewed oyr an eye applied to the prism, — the rod ap- 
pears curved with its concavity towards the edge, — and fiinged 
with red and yellow on its concave side, and with violet and 
blue on the convex side. Explain these phenomena. 

5. Two plates of different dispersive powers, hut in both 
if which the mdex of the extreme violet rays is the same, are 

placed in contact, and light is obliquely incident upon them. 
Prove that the reflected rays will be tinged with red, and the 
transmitted rays with violet. 

6. A black line is painted on the base of an isosceles 
prism, midway between its two edges, and the prism is Uien 
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1 the sun-light and an eye held at the edge 
jfthe priam looking towards the haae. Deacribe the appear- 
i with respect to position and colour. 

A luminous point of white light being placed on the 

a of a lens, — shew that as the point movea along the axis the 

Stance between the geometrical foci for two given colours 

^1 pass through a minimum, — and determine the position of 

e point in this case. 




A star, the altitude of which is a, is viewed by an eye 
Dider water ; shew that it will appear in the form of a spec- 
with the violet end uppermost, and that the angular 
tude of the spectrum will be 



-(T)- 



An achromatic object-glass, whose focal length la 
f inches, is composed of two lenses of crown and flint-glass 
actively; find the focal length of each lens, the dispersive 
s of crown and flint-glass being in the ratio of 7 : 10. 

10. For a prism A of small refracting angle the indices 
for two colours are 1'2 and 1'22, and for a prism B are 1"5 and 
1-57 ; find the angles of the prisma in order that the common 
deviation of the two colours — passing through t!ie prisms in 
a principal plane of each— may be = V, 

11. A system of three convex lenses of the same sub- 
stance on the same axis will be achromatic for raya incident 
parallel to the axis, if 

3ab-ia if, +/.) - 2J (/, +/J +/,/, +fj, +fJ,-0; 

a, i being the distances of the middle lena — focal length f^ — 
firom the two extreme ones whose focal lengths axe /^, fy 

12. A ray of light after passing through a prism at the 
sngle of least deviation falls perpendicularly on the surface of 
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another prism of different substance, shew that the ray will 
be achromatiBed if the angle between the prisms 



= cos"' (2m 



.COtiJ, 



where m is the ratio of the indices of refraction and i, i tJu 
refracting angles of the prisms — the ray passing in a priudu[ 
plane of each. 

13. A small pencil of rays of common light 13 incident 
obliquely on a plane refracting surface, shew that the primaiy 
foci of uie refracted pencils of different colours will lie on s 
curre of the third order. 

14. Find the condition of achromatism of an eye-pieoe 
composed of a solid block of glass with a thin lens of didei^ 
glass cemented to it on the end next the eye, — the bui&gu 
being worked spherical. 

15. Find the condition of achromatism of an eye-piece 
composed of a single block of glass worked at the ends into 
spherical surfaces and used with an object-glass of great focal 
length. 

16. A compound object-glass is to be formed of two 
lenses in contact; shew that if when the lenses are 
achromatism is nearly but not quite secured, the defect 
be remedied by slightly separating the lenses. 

The refractive indices corresponding to the letters D 
F in the orange and blue, for certain kinds of crown and ilint 
glass axe. 

Crown-glass . . . 1-5279, 1-6344, 
Flint-glass . . . 1-6351, 1-G481, 
twenty inches is to be the focal length of the proposed object- 
glass ; find the focal lengths of tlie two lenses which, placed 
in contact, unite these lines. 

17. Trace the variation in the angular magnitude of the 
spectrum formed by a prism, for different angles of incidence, 
and shew that it is a minimum when, with the usual notatioo, 



/i* sin {^' — i) COS (i 



- i) + sin ^' = 0. 



may 

and 



MIBCELIANEOUS PROBLEMS. 291 

7. A person having a very small fragment of a concave 
iflector, me principal radii of curvature of it being p, a\ 
isteB to place it so tliat it may be considered part of a 
I paraboloid of revolution, the positions of the focus and axis 
I of which are given. Shew that it must be placed with its 

Slane of least curvature passing through the focus, at the 
istance iv'(/>p') therefrom, and with its tangent plane in- 
Fplined to the axis of the paraboloid, and to itg focal distance 

|.«it an angle whose sine is* / {— )■ 

It has been remarked by writers on optics that " the 
IttODcavity of the heavens appears to the eye to be a less por- 
■^on of a spherical surface than a hemisphere," — and that 
I'" the apparent distance of its parts at the horizon is generally 
Itetween three and four times greater than the apparent dis- 
Itance of its parts overhead." How do you account for this 
llippearance of the sky? By what method are the proportions 
lliere mentioned determined? Shew how these circumstances 
I may be used in accounting for the apparent change in the 
\ size of the sun or moon, or in the distance of two neighbonr- 
I ing stars, as they ascend from the horizon to the meridian. 

9. When a cylindrical china jar, standing upon the 
jround, receives the sun's rays obliquely, a bright curve is 

lobserred to form itself at the bottom of the jar, and it is 
■Icnmd that the shape and dimensions of this curve are not 
Pafiected by the varying elevation of the sun: accomit for this 
llstter circumstance, and determine the nature of the bright 
rve. 

10. A plane mirror, moveable about an axis in its own 
nlane parallel to the axis of the earth, revolves from east to 

Spest with half the sun's apparent diurnal motion. Shew 
liat the direction of the reflected raya of sunlight will not be 
iBibly altered during the day. 

11. The sun's light is refracted through a prism, the 
edge of which is vertical, — find the position of the refracting 
surfaces in order that for a given altitude of the sun the 

_ deviation of the rays of a given colour may be a minimum,— 

L \^— ^i 



I 
I 



I 
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If z be the sun's zenitli distance, i the refracting angle, 
X the angle of tirst incidence reduced to the horizon, fi the 
index for the given colour, — shew that the minimum deviation 
J) is given by the etjuationa 



D 



yn-^ 



12. One half of a cncle is a bright reflecting surface, the 
other half dull ; a luminous point is placed at the bisection of 
the dull part. Shew that the bright surface is divided into 
two portions each of which ia equally illuminated. 

13. A narrow flat polished steel-wire is bent Into the 
form of a ciicle, so as to form a cylinder of indefinitely small 
height; a luminous point is placed so that the perpendicular 
from it to the plane of the ring falls within the ring. Shew 
that ail the rays after reflexion pass through a straight line 
of finite length. Calculate the length and position of this 
line, and point out the modification of the problem when the 
perpendicular does not fall within the ring. 

14. If a plane surface be placed parallel to the place of 

the ring— (Prob. 13) — and below it, the bright curve on the 
plane surface has for its equation r = a+h cos $, the pomt 
where tlie line passing through the luminous point ana the 
centre of the ring meets the plane being taken as tlie pole. 

Trace this curve and find the condition that it may have 
a cusp. 

15. P, Q are two points on an ellipse ; from the pole of 
PQ a normal ia drawn to the curve cutting it in 5; shew that 
a ray from i* incident at R wilt be reflected to Q. 

16. A small plane area is illuminated by a bright circa- 
tar ring of given dimensions, — -the line joining the centres of 
the area and of the ring being perpendicular to the plane of 
the ring; find the position of the area, so that the iUumiiu- 

tion m&y be the greatest ^osBvUe. — 
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If the area be replaced "by a brij^lit point, find its position 
so tbat the greatest quantity of light may be thrown on the 
ring. 

17. A sphere of glass encloses a concentric sphere of an 
opaque substance and is placed on a horizontal table, a bright 
point is placed very near, but not close to its highest point ; 
find the feast magnitude of the opaque sphere which will pre- 
vent any ray trom reaching the table ; — if the magnitude be 
alightly leas thaji this, find the diameter of the circular bright 
ring on the table. 

18. A ray of light is reflected a number of times between 
two plane mirrors — not in a principal plane ; prove that all 
the reflected segments of the ray are generating lines of a 
hyperboloid of revolution. 

19. A plane mirror revolving about a vertical axis in its 
own plane, receives and reflects a small sunbeam, which after 
reflexion forms a spot of light on the horizontal floor. De- 
termine the motion of the spot on the floor, and shew that its 
image as seen in the revolving mirror is stationary. 

20. A small plane mirror is placed at the principal focus 
of a telescope, nearly perpendicular to its axis, and the tele- 
scope is directed approximately to a distant luminous object ; 
shew that the raya reflected at the mirror will, after repassing 
the obiect-glaBB, return in the exact direction in which they 
came, m spite of the small errors of adjustment of the mirror 
and telescope. 

21. A surface exposed to a luminous sphere is such that 
the illumination at any point oc (distance)"" of the point from 
the centre of the sphere. Examine the cases when n = 0,l,2,3. 

22. The outer surface of a transparent shell is an ellipsoid, 
and the inner surface is a concentric sphere. A luminous 
point is placed at the centre ; find the greatest value of the 
index of refraction of the medium which will allow every ray 
to emerge without suffering internal reflexion. 



I 



I 
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from the unifonnly bright surface of the cube ; shew that the 
illmnination ie measured ^y the expression 

3/. -■ ■ - - - sin a sin 3 sin — , 
am p 3 

"where 6 \s the angle between two adjacent edges of the pyra- 
mid (vertex 0) circumscribing the cube, and a, /9 are their 
inclinations to the diagonal. 

27- Two parallel and equal lines AB, CD are traced oa 
paper, and viewed by the two eyes placed so that the line 
joining the centres of the eyes ia paraliel to AC; shew that 
the eyes may be so adjusted that the images of A£, CD may 
appear superposed, and that the resulting image will appear 
parallel to the plane of the paper, neater to the eyea and 
smaller than AB or CD. 

Under the same circumstances if AB, CD he inclined at 
a small angle, their images may appear superposed, and the 
resulting image will appear to project from the plane of the 
paper. Explain this, and shew why the parts of two pictures 
TvEich, when viewed with the stereoscope, appear to project 
towards the eyes, frequently appear, when superposed by the 
naked eyea, to project in the opposite direction. 

28. The shadow of a ball is cast by a candle upon an 
inclined plane in contact with the ball; prove that as the 
candle bums down, the locus of the centre of the shadow will 
be a straight line. 

29. The refractive index at every point of a certain trans- 
parent medium is a certain function of the co-ordinates of that 
point ; shew that if a particle move in such a manner that its 
velocity at any point is proportional to the same function of 
the coordinates, the particle may be so projected, that its path 
shall be the same as the course of a given ray through the 
medium. 



I 



30. On what law of density will the total refraction 
a ray of Hght through the Earth s atmosphere be the same 
tiiroagh a homogeneous atmosphere? 



I of ■ 
: as H 

m 
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51. A vertical window-bar of an opposite honae, seen 
through a pane of glass, appears a jig-zag line ; describe the 
inequalities in the tnicknesB of the pane of glass indicated by 
the deviations from the vertical, and give reasons for yom 
conclusion. 

Bain is streaming down a pane of glass in parallel vertical 
lines; what will be the appearance of a circular arch seen 
through it? 

52. The shadow of & given ellipsoid thrown by a Imnin- 
ons point on the plane which passes through two of the prin- 
cipal axes, has its centre on the curve in which the same plirae 
intersects the ellipsoid ; shew that the equation to the locus 
of the luminous point is 



where a, h the aemiaxes of the ellipse through which the plai 
passes, and c the remaining axis, ai-e taken for the axes 
X, y, a respectively. 



33. A polished hemisphere is placed with its base in 

tact with a plane, and a cylindrical pencil of rays falls upon 
its convex surface in a direction perpendicular to the plane 
the illumination at any point of the plane is proportional to 



3 + siu ^ ' 



where ^ is the angle which the ray reflected to that 
makes with the plane. 

34. A oniformly bright cylindrical column, of ra>li' i 
and of indefinitely great height, stands npon a plane ; shew- 
that the illumination of a disc of the plane, of radius 
centric with the column, 

« I {/ - a') + a V(^° - <0 - '^ cos-' " . 

35. Denoting two mirrors by a = 0, )3 = 0, what moat 



J 



i 



p 
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tte angle between them, that the ray parallel to a — j9 = 
may, after reflexion at each mirror, l>e parallel to a + /3 = 0. 

36. The illumination at any point of an equilateral 
hyperbola, the centre being the ongin of light, oc (distance) "*, 

37. Shew that the space-penetrating power in an astro- 
nomical telescope is meaaured by f ji . =4; J , where F and f are 
the focal lengths of the object and eye-glass respectively. 

The magnifying power of a telescope is 
breadtii of visual pencil at the object-glass 
breadth of visual pencil at the eye-glass ' 
supposing no light lost at any lens. 

39. If S be a point from which rays fall on a plane curve, 
M any point in the ray reflected from the element of the curve 
at P; if HE be drawn parallel to the tangent at P cutting 
8P in E, then wiU 

SP+PH^'i.PE. 

40. An erecting eye-piece of four lenses has the focal 
lengths of the lenses^, f, f^, f^ and their intervals a,, o„ a,; 
if/ia the focal length of the equivalent simple lens, 

^7k'-f.^7y?M*7r^.k-'7) 

41. A luminous sphere rests within a hemisphere of twice 
its radius, the rira of which is horizontal ; find the whole 
illumination of the interior surface of the hemisphere ; — and if 
the sphere be raised so that its lowest point just coincides 



*/» 



./^ 




A*^**i^ '^^^T 





'*gm<h — siL<k^ 






44. Til* ieai lexusciis at :fac 
:» Om^>nan ^i^menm sr Hi and H imsies lespBdktvdtp, fl 
^Ki>nr 'liPifikiutf^ ^m <;ac!i other is I^ inezies: £d2 Ae puMDW 
'vf t^^. Inuk^ fryrmfA hj die snaH inir p jir and t&e mii^u^rnig 
jwr^j if w^ fiyal IiagA of lie flye-glaw=^iiefc. 

4'^. TV. HUmstitf at asjpinnt a£ a prisn (Tcrticil x sSj3| 
rAr>^/fi( ju itff <tMtj»uK fr^m ^ zLOBcst £Ke of die pdam. If 
A tiny yvm tbr/vn^ it in a pnnexpol plane^ its Jiwtimrfr fiom 

Afr/I Mm MWfJt^ h^fyrfAf-h to the edge being e^ tike deviatioii D 
40< A fiplinrioftl mirror is to 1)6 reduced by grinding to 



QC 



ipaiabolic one of die sane facal lengdi ; fod •ppwa tiwitl l<i ^ y 
Rfhat thickness puillel to die axis must bd gti m i %W^ ^ 

inj point. 

iiZ. In Art. 1», if M ==/(^) shew tliat 

(i) the corrataie at any point of ike tn\jeotory 

(ii) find the form of /(x) in order that the tri\jtftch>ry 
maj be a hyperbola. 

(iii) if f{x) = a + i8 sin - , determine the to^jeetorjr. 



48. A small pencil is directly refracted through a tn^itttti 

>r which the index of refraction at any point i» /» = r~- fA« 

1 Art 122). Shew that the distance of the geom^tti^Mil 
xd from the origin of light will be 

rhere r is the whole thickness of the medinTn traversM. 

49. The distaace between a luminrmfi point And thn 
^ntre of the j)T]pil of the eye is (/>), and the radiitrt of thn 
upil (r), which is supposed very small compared wfth ff; 
dew uiat the illumination of the pupil is 

-^ cos a f 1 - J -^ + — ^ 8in"aj rtcftfly, 
rbere a is the angle which D makes with the axis of f1if» «»yi», 

7* 

nd higher powers of y. are neglected. 

50. The axis of the object-glass (rt an astronomM'ftl h»li» 
cope is inclined to the axis of the teleflc^y]K^ at a m\M <^u\J,W a >^ 



MISCELLANEOUS PROBLEMS, 301 

55. If N, n, Fhe the focal centres and principal focua 
of a lens, the distances of the conjugate foci measiired from 
two points iV', n, — so situated in the axis that nn' =p . N^ 
=e (] — ^) . nF, — are connected by tlie equation 

V pu nF' 
p being any constant quantity. 

56. A hollow paraboloidal vessel, whose upper rim is 
circular, is placed with its axis vertical upon a horizontal 
plane, and exposed to the Sun's rays. The boundary of the 
Ulnminated part of the interior of the vessel is a plane curve, 
whose projection on the plane of the rim la a circle of the 
same radius as the rim, and whose centre is distant from the 
centre of tlie rim a space equal to the latus rectum of the 
vessel multiplied by the tangent of the Sun's altitude. 

57. The distance between two lenses of a common astro- 
nomical telescope in perfect adjustment is a, the magnifying 

power being -. It is found that the object-glass can be achro- 

matised by means of a certain lens placed in contact witli it, 
and that if at the same time a concave lens of focal length (b) 
be placed in contact with the eye-glass the instrument will 
Btili be in adjustment; shew that if A,, A, be the dispersive 
powers of the media forming the compound object-glass, 



How is the character of the telescope altered by the above 
arrangement ? 

58. If a string be wrapped round a glass prism whose 
section is an equilateral triangle, so as to be always inclined 
at the same angle to the axis of the prism, the portions of the 
string seen by internal reflexion will appear to be parallel 
to the portions seen directly. 

59. If the Earth, supposed spherical, were covered to 
a depth h with water, h being smaU compared with r the 
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Barth's radios ; shew that the height to which a person most 
be raised ahove the surface of the water in order to see as &r 
below the horizon as when he was on the surface of the Eardi 

ia . a_ ■^ nearly, /t being the index of refraction for water. 

60. Tlie equation of the boundary of a comet or nebnloiu 
body being given, together with tlie density at any point of 
its interior, it is required to find the law of brightness of its 
apparent disk, supposing that each particle sends the same 
quantity of light to the eye of a distant spectator. 

Ex. A spherical body of radius a, the density at any 
distance r from the centre being A -/{a' — r"). 

Conversely. From the law of brightness of the apparent 
disc, and the density at any point and known distance of the 
body, find the equation of the boundary, — supposing it to V 
symmetrical with reference to a plane perpendicular to tJic 
direction of vision. 

Ex. The density of the body being the same as in the 
foregoing example, the brightness at any apparent distance S 
from the centre of the disk varies aa a' — m IP. 

61. In the phenomenon of Solar Halos how are the posi- 
tions and colours of the inner and outer circles surrounding 
the Sun, and the positions of the Parhelia, theoretically ex- 
plained? Why are the Parhelia not exactly coincident with 
the inner circle? 

62. Within a reflecting circle on the same side of the 
centre are two parallel rays, one dividing the circumference 
into arcs which are as 3 : 1, — the other dividing it into arcs 
which are as 8 : 1 ; find the least value of n such that after 
each ray has suffered n reflexions, they may be again parallel. 

63. Given the directions of three plane mirrors in space, 
construct a straight line such that if light from it be reflected 
by the three mirrors in succession, the third image shall be 
parallel to the straight line. 

Walton and Mackenzie, Solutions of the Gamiridgt 
Problems, 1854, p. 73. 



64. Hays are incident parallel to the axis of x on K in- 
flecting curve, and the equation to tlie calacaustic is y "/{*), 
the equation to the reflecting curve will result {mm wimi- 

nating ( from the two equations 

, , .v-/M _ o-j[i+v|n-(/w)'|K' 

/■ w i+v[i + (/wn ■ 

Boole's Differential EquattOM, p. SOT, 

65. Supposing a very large number of lioxngonnl cry»ti\l« 
of ice to descend continually in the atmoarihoro witli tlimr 
axes vertical and faces turned in all possible directions, — pnivo 
that the reflexions of the light of tne sun or moon from tlio 
vertical faces will cause a spectator on the earth's Murfaci) to 
see a horizontal circle of white light of the Haino Itnwilh ntid 
altitude as the luminary. What phenomenon msy ho nx* 
plained by this result ? 

66. When a large number of cirstaln of ico of thn form 
of hexagonal prisms with plane enoB perpendicular to tlitiir 
axes are suspended in the air, it ie found that many of tlin 
simple crystals are joined together at their endii or Nitlitn m 
that the axes are parallel. Hence shew tliat (i) tii'idn of thn 
compound crystals which have the 8XC8 lioriziiiitftl, mill nrd 
situated opposite to the snn at thn Mamo altitude, M^nd light Ifi 
a spectator by two reflexions at vertical \t\iuwM iiiclinttil (it m 
angle of 90° to each other, whatevi^ Ijc tlie (rrlrnlatifiti of ihn 
planes; (ii) those which have the axi-* Virticnl, and am nllit- 
ated in an azimuth of Viff from the »on at thn noiim dtitu'lA, 
send light to the spectator hj reflexijiii!* at jrUfi^a liKtliiied )/) 
each other at an angle of 120*. 

What phenomena obaerve'I jwnifttimeii t** mx/im\ynny HoIm 
Haloa are explained hy the«e remits i* 
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A Sermon Preached befcn the 0nlvei9ity or Cambridge. ByJ.S. PUKTOXS 
B.D. Fellov and TiitDi of St. Catherine's College. 8<o. sewed, li. f 

BAMSA7.— The Catechiser's Manaal; or, the Church Cat« 

ehlim tllustcBled and eiplalned, ror the use or Clereymen, EchODlinutCT 
and Teachen. By ARTHUR RAMSAY, M.A. o( Trinity I 
Cambtilgc. ISmo. cloth, a..8i(. 

EEICHEL.— The Lord's Prayer and other Sermons. 

By C. p. REICHEL, B.D., Professor ol Latin iti the Queea'a Cnii 
Cl.apMn to hti Eneeliency the Loid-Liemenanl of Ireland; and lit 

ROBINSON.— Missions urged upon the State, on Grounil 



Ih nf Duty 



ByC, 






: loth, 3 



RUTH AND HER FRIENDS. A Story for Girls. 

with B Proii til piece. Second Edition. Fcap. Sio, cloth. Si. 

SALLUST.-SaUust for Schools. 

With English Kates. Second Edition. By CHARLES MERIVAI^ 
H.D.; late FelUw and Tutor of St. John's College, Cambridge, ftc, A 



SCOURING OF THE WHITE HORSE; or, Th6 Lia 

Vaotion Ramble ot a London Clerk. By Ihe Aulhot of " T 

School Says." Illriscraled by Ddtlk. Eightli Thonsanit. Imp. ISn 

tloth, eleglnl, b. 6d. 



UACMILLAN & CO.'S PUBLICATIONS. 



SELWTN— A Verbal AiiEaysis of the Holy Bible. 
SIMPSON— An Epitome of the History of the Christian 

Cliurch during (ho flnl ThiM Centuriet and during the Relomallon. Wiib 
EiBTninatiDD Papeii. Bf WILLIAM SIMPSON, U.A. Third Edition. 

"A Lifb Dmna," tod olber Poemt. 

SMITH.— Arithmetfc and Algebra, in their Principles and 



SMITH.— A Key to the Arithmetic for Schools. 
SMITH.— The Koran in India, 

B) LUMLEY SMITH. Fellow of Trinily Hal], Cambilttge. Svo. lewed. 2i, 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometn. Bj J. C, SNOWBALL, M.A. Ftllow or St. John'. CoDcgE, 
CsTuhridei' Nlmtli Edition. Crovn em. cloth, 7i. Sd, 

SNOWBALL.— Introdnction to the Elements of Plane Trigo- 

nDmetiy fui the uae of Schools, Beeaud Edition. Si>o, eewed, ii. 

SNOWBALL. — The Cambridge CoorBe of Elementary 

SPRAY.' 

SWAINSON.-A Handbook to Butler's Analogy. 
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THEOLOGICAL Manuals, 

ClIUKCH HISTORY t 

Witli Pour Maps, t >al>. Crown Svo. ci'dlli. price \<U. 6d. each. 
THE COMMON PRAYER! 1T3 HLHTORY AND RATIONALE. 

FRANCES PHOCTER. Third Edition. Ciowi. 8td. dotli, lo.. 
HISTORY OF THE 
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THEING.— The Child's Grammar. 

Janior Claiien. A New Edition. 18mo. limpcloth.ii. 

THRING,— SermoQB delivered at Uppingham School. 

Ciowp ayg. clolh, 6>. 

THRIMG.- School Songs. 
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and Plaiii. By JOSEPH FRANCIS THRUPP, M.A. Vicar of BBninpoB, 
Caniiitldge, iBle Fellow of Trinity CoIIbbe. 9vn. clnlh, 15.. 

THOMPSON.— A Sermon preached after the Funeral of the 

iBle DEAN PEACOCK. By W. H. THOMPSON, M.A., Kugiua PrafMMt 
of Greek id the Univeiiily of Cambridge. 8yo. U. 

THDCYDIDES, BOOK VL With English Notes, and a Map. 

By PEHCIVAL PK03T, Jue. M.A. late I'ellow or SI, Jolin'a Cnllcge, 

TODHUNTEB.— A Treatise on the Differential Calculus. 

With nniuetou« Eiamples. Bj I. TODHUNTER, M. 

Aisigtint Tutor of St. Jolm'a Csllege, Cuslrldge. Secoad Editlin 

Grown lio.cIoIb.lOi.Gif. 
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TODHUNTER— A Treatise on the Integral Galcnlns. 

With numerous Examples. Crown 8to. cloth, 10#. 6d» 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Second Sditlon. Crown 8to. cloth, \0».6d. 

TODHUNTER—A Treatise on Conic Sections, with 

numerous Examples. Second Sditlon. Crown 8yo. cloth, 10«.6J. 

TODHUNTER.— Algebra for the nse of Colleges and Schools. 

Crown 8vo. cloth, 7s. 6d. 

TODHUNTER.— Plane Trigonometry for Colleges and 

Schools. Crown 8yo. cloth, St. 

TODHUNTER.— A Treatise on Spherical Trigonometry for 

the Use of Colleges and Schools. Crown 8to. cloth, 4«. 6d, 

TODHUNTER.— Examples of Analytical Geometry of Three 

Dimensicms. Crown 8yo. cloth, 4«. 

TOM BROWN'S SCHOOL DATS. 

By AN OLD BOY. Sixth Edition. Crown 8to. cloth, 10#. 6d, 

TRENCH.— Synonyms of the New Testament 

By The Very, Rev. RICHARD CHENEVIX TRENCH, D.D. Dean of West- 
minster. Fourth Edition. Pcap. 8to. cloth, 6$, 

TRENCH— Holsean Lectures for 1845—46. 

CoKTKVTs. 1.— The Fitness of Holy Scripture for unfoldbif the SpUiiaal LSIc 
of Man. 2.— Christ the Desire of all Nations ; or the Uneonseious Pro- 
phecies of Heathendom. Tomrth Edition. Foolscap Svo. cloth, 60. 

TRENCH —Sermons Preached before the University of Cam- 
bridge. Fcap. 8to. cloth, 1$. 6d. 

VAUGHAN.- Notes for Lectures on Confirmation. With 

suitable Prajer*. Bj C. J. VAUGHAN, D.D., Uead Master of Harrow 
SchooL Second Edition. Limp cloth, red edges. It. €4, 

VAUGHAN.- Sermons preached in St John's Churchy 

Leicester, during the years lk» aud 18M. By DAVID J. VAt'CHAN. M.A. 
FeUow of Trinity College, Cambridge, and lueumbent of St. Marfc'^ Wlute- 
chapeL Crown Sro. cloth, it. 6d, 

VAUGHAN —Three Sermons on The Atonement Wxtii a 

PrefMse. By D. J. Vanghao, M.A. Limp cloth, zed edg«c, U. 6tf. 

WAGNER.- Memoir of the Ber. George Warner, late of St 

Stephen's, Brighton. By J. V. SIMFKIVSON, M.A. &c>ctor of BriiigidiL, 
Korthampton. Second Edition. Crown 8r«. cloth, 9s. 

WATERS OF COMFORT.— A SmaJl Volume of Bevotiimal 

Poetrr of a Practieal Character. By the Author <if ** Viaitmg my B«iatiotu.' 
Fcap. 8to. cHotb, 4c. 

WESTCOTT.- HiBtory of the Canon of the Hew Testament 

during the First Four Cesturies. By BhOOUE FOSC V£nt:clTT. UjL„ 
AsKwtaat Master of Harrow School ; late Fellow of Tniurj CoOege. Csm- 
bridge. Crowxt bro. cloth. It*. Cd. 
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WESTCOTT. — CharacteriBticB of the Gospel Miracles. 

Bemon. preachedbefDrelheUnivoriilyofCjinlhridgo. VritbKoteB. Bj 
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WIL80H.— The Five Gateways of Knowledge. 

Bj GEORGE WILSON, M.D.,F.R.S.E.,RB|(iu. ProfeiBorDf Ted 
Iiy ur Edinbuittb. Second BdlUon. Pcap.evo.cli 
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WILSON— The Progress of the Telegraph. 
WILSON.— A Treatise on Dynamics. 

By W. p. WILSON, M,A„ Fdlowof SI, John's, Cnnibndge.onfl ProreiMiiof 
Mn'lwnatics in the Univenily of Melbfiurne. Svd. bds. B.. Sd. 

WORSHIP OF GOD AND FELLOWSHIP AMONG MEN. 

A Spriea Qf Bermoiu on Public Worsiiip. Fop. 8to. clolh, Si. Bd. 

By F. D. MioucE, M.A. T. J. Row.Eti., M.A. J. Ll. Djviep, M.A. 

WBIGHT.— The HiaiJ of Homer. 

TranslBtEd into English VersB bj J. C. WRIGHT, M.A. Translator of Duulo. 
Crown Bvo. Borjki I,— VI. 61. 

WRIGHT.— Hellenica ; or, a History of Greece in Greek, 

■1 reUlefl by Dlodorm und Thucjiiiiles, being a Firil Oreelt Rending 

U.A.', of Trinity Col1ei;e. CambridRS. and Head-Muter of Sullon Culdfieid 
Grammar Si^hoDl. Beeond Bdttton, vita a VaciBnLii,T. lEmo. 

WEIGHT.— A Help to Latin Grammar; 

or. the Form anil Vie of Words in Lalin. Wilh ProBresalvo Eierctiet. 
Croi-n Bvo, clotb, U. Sd. 

WEIGHT,- The Seven Kings of Rome : 

dlnicuK paBsagts, being a First Lalin Heading 

WEIGHT.— A Vooabnlary and Exercises on the ' 

Kings of Rnme." Price Si. cluth. 
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